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bstract

We study random sequential adsorption (RSA) of electrostatically interacting colloid particles using the new simulation approach described in
aper I [P. Weroński, Effect of electrostatic interaction on deposition of colloid on partially covered surfaces. Part I. Model formulation, Coll. Surf.
294 (2007) 254]. Numerical simulations are performed according to this curvilinear trajectory RSA model to determine the available surface

unction, jamming coverage, and pair-correlation function of the larger particles. The effect of the particle size ratio, electrolyte ionic strength, and
he small-particle surface coverage on the large-particle deposition is demonstrated. The numerical results are tested using the two-dimensional
2D) scaled-particle theory, with a modification for the sphere geometry and electrostatic interaction, exploiting the extension of the effective
ard-particle approximation to bimodal systems. The effect of electrolyte concentration on the effective minimum particle surface-to-surface
istance is presented, too. The numerical results are compared with the results obtained using two older approaches, the 2D and three-dimensional
3D) RSA models. The study suggests that the formula stemming from the scaled-particle theory provides a good approximation in the low surface
overage limit. The results obtained with the 3D and curvilinear trajectory models indicate that large-particle/substrate attractive interaction
ignificantly reduces the kinetic barrier to large, charged-particle adsorption at a surface precovered with small, like-charged particles. The available
urface function and jamming-coverage values predicted using the simplified 3D and the more sophisticated curvilinear trajectory models are

imilar, while the results obtained with the 2D model differ significantly. The pair-correlation function suggests different structures of monolayers
btained with the three models. Results of this research clearly suggest that the extended curvilinear trajectory RSA approach can fruitfully be
xploited for numerical simulations of colloid-particle adsorption at precovered surfaces, allowing the investigation of soft-particle systems.
 2006 Elsevier B.V. All rights reserved.
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. Introduction

In the preceding companion paper [1], hereafter referred
o as Paper I, we discussed shortcomings of the existing two-
imensional (2D) and three-dimensional (3D) RSA models that
an lead to inaccurate computational results, especially in the
ase of adsorption at a surface precovered with small, like-

harged particles. We also introduced the new curvilinear trajec-
ory (CT) RSA model that overcomes the shortcomings. In this
aper we present results of the numerical simulations conducted
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sing the CT RSA model. First, we describe the simulation
lgorithm in more detail. Our determinations of the effective
inimum particle surface-to-surface distance, available surface

unction, jamming coverage, and radial distribution function
re presented next. Lastly, we verify the effect of the particle
ize ratio, small-particle surface coverage, and electrolyte ionic
trength on the characteristics of the adsorption process. The
umerical results are tested in terms of the 2D scaled-particle
heory, with a modification for the sphere geometry and elec-
rostatic interaction, using equations derived in Paper I. The

umerical results are compared with the results obtained using
wo older approaches, the 2D and 3D RSA models. This com-
arison allows us to evaluate the limits of applicability of the
lder models.

mailto:pawel@lanl.gov
dx.doi.org/10.1016/j.colsurfa.2006.08.020
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. The simulation algorithm

The simulations of the irreversible adsorption process were
arried out over a square simulation plane with the usual periodic
oundary conditions at its perimeter and two subsidiary grids of
quare areas (cells) of the size

√
2as and

√
2al [2]. This strat-

gy enhanced the scanning efficiency of the adsorbing particle
nvironment performed at each simulation step. The simula-
ions were conducted in two main stages: first, adsorption of
maller particles at the homogeneous interface was carried out
o a desired surface coverage; then, the larger particles were
dsorbed at the prepared heterogeneous surface. At both stages
he surface coverage was calculated using the equation:

i = πa2
i Ni

S
, i = s, l, (1)

here Ni is the number of spherical particles of radius ai
dsorbed at the interface of the area S. The subscripts s and l
efer to small and large particles, respectively.

At both stages, the next particle to be adsorbed was selected
y choosing at random its Xv and Yv center coordinates.
ext, the vicinity of the test particle was scanned, and the
inimum distance Hmin = Zmin − 1 to the interface, resulting

rom the non-overlapping condition, was calculated. Then the
article–interface interaction at the minimum distance was cal-
ulated as described in Paper I, using the limiting form of the
quation:

ij(H1) = ε
kT

e2 YiYj
aj

1 + aj/ai +H1
exp(−κaiH1), i, j = l, s

(2)

hen one of the particles’ radii tends to infinity and H1 = Hmin.
n this equation ε is the dielectric constant of the medium, k the
oltzmann constant, T the temperature, e the electron charge,
−1 =

√
103 εkT/(8πe2INA) the Debye length in cm, I the elec-

rolyte ionic strength expressed in mol/dm3, NA Avogadro’s
umber, and Yi and Yj are the effective surface potentials of
he interacting surfaces, respectively [1].

If the particle–interface potential at the minimum distance
as larger than Eip(Hmin) > −0.01, i.e., the minimum distance
min was large and the attraction to the interface was negligi-
ly small compared with the particle–particle repulsion at the
oint (Xv, Yv, Hmin + 1), the virtual particle was rejected and
ew particle coordinates were generated. Otherwise, the location
nd height of the kinetic barrier to adsorption Eb was calcu-
ated for the virtual-particle energy profile represented by the
quation:

i(H) =
n∑

m=1

Eij(Hm) + Eip(H), i, j = l, s (3)

t fixed Xv and Yv coordinates, where H = h/ai is the
article–interface gap width expressed in particle radii ai, n the

umber of the small and large particles attached to the collector
urface in the vicinity of the adsorbing particle, Hm the mini-
um surface-to-surface distance between the moving particle

nd the deposited particle m, and Eij is the electrostatic (repul-
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ive) interaction energy between them, calculated according to
q. (2). In this paper we will always use i = l in case of i �= j.

If the barrier existed, the starting point of the particle
rajectory was assumed to be at the barrier. Otherwise, the
article–interface interaction was verified at the point (Xv, Yv,
min + 1). When the interaction was attractive, the particle was

dsorbed at the point (Xv, Yv, 1) and the next virtual coordinates
ere chosen; otherwise, the starting point was assumed to be at

he minimum distance Hmin, and the total particle potential was
alculated at the point (Xv, Yv, Hmin + 1). Based on the value of
he potential or barrier height, the probability of appearing of
he particle at the starting point of the trajectory was calculated
rom the Boltzmann relationship. If the probability was smaller
han an additional random number generated with uniform dis-
ribution within the interval (0; 1), the adsorption attempt was
ejected, and the next virtual coordinates were chosen. Other-
ise, theXv and Yv coordinate constraints were released and the
article trajectory was calculated to the particle’s point of con-
act with the adsorption surface at H = 0, using the deterministic
quation of motion:

dRi

dτ∗i
= Fi(Ri), (4)

here Ri = ri/ai is the virtual-particle position vector in the ai
nits, τ∗i = ta2

i /D
∞
i the dimensionless time, t the time in s,

∞
i = kT/6πηai the diffusion coefficient of the particle in the

ulk, η the solution dynamic viscosity, and Fi the net force act-
ng on the particle, expressed in the kT/ai units and calculated
ccording to the equation:

i(Ri) = −∇Ei(Ri), (5)

here Ei(Ri) is the total particle potential given by Eq. (3). Once
he particle touched the interface, its position was permanently
xed, with no consecutive motion allowed.

In rare cases (one per a few thousands of trials) the
article was driven far from the adsorption surface. If the
article–interface interaction dropped to 10−2 kT, a new adsorp-
ion attempt was undertaken. Each particle path was calculated
sing the CT RSA model and taking into account only neigh-
oring particles. The tested vicinity of the virtual particle was
imited to a circle that included all the adsorbed particles for
hich Eij could potentially be larger than 0.01.
This algorithm enabled us to simulate adsorption kinetics

n terms of the dimensionless adsorption time defined by the
xpression:

i = πa2
i

S
N i

att, i = s, l, (6)

here N i
att is the overall number of the particle adsorption tri-

ls performed during the first or second adsorption stage. One
hould note that such computed kinetics neglects the coupling
etween the bulk and surface-layer transport and therefore can

e directly used only in specific systems where the coupling is
egligible. The maximum dimensionless time τl attained in our
imulations was 104, which required an overall number of tri-
ls on the order of 109 to 1010. The maximum surface coverage



hysic

r
τ

r
d

B

w
a
I

l
f

g

w
n
a
o

3

p
f
p
u
p
ψ

ψ

t
T
p
p
c
s
1
s
e
0

w
t
u
s

B

a

B

d
t

θ

w
j
H
m
B

d

w
i
j

w

d

a

d

i
b
2
m
t
κ

s

H

e
t

i
r
t
k

3

s
a
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eported later on corresponds just to the coverage achieved after
l = 104.

Available surface functions were calculated using this algo-
ithm and the method of Schaaf and Talbot [3] by exploiting the
efinition:

i(θs, θl) = N0
succ

N0
att
, i = s, l, (7)

here N0
att and N0

succ are the overall and successful number of
dsorption attempts, respectively, performed at fixed θs and θl.
n our simulations these numbers were on the order of 105.

The data obtained with this algorithm allowed us to calcu-
ate the pair-correlation function (called also radial distribution
unction) defined in Ref. [4] as:

i(Ri) = S

Ni

〈
�Ni

2πRi�Ri

〉
, i = s, l, (8)

here angle brackets mean the ensemble average, �Ni is the
umber of particle centers within the ring 2πRi�Ri drawn
round a central particle, and Ri = r/ai the dimensionless radius
f the ring.

. Results of computations

The CT RSA algorithm was used to perform extensive com-
uter simulations of soft-particle adsorption at precovered sur-
aces. The available surface functions, jamming limits, and
air-correlation functions were obtained for the following val-
es of the system’s physical parameters: the large- and small-
article density and surface potential ρl = ρs = 1.05 g/cm3 and
l =ψs = 50 mV, respectively; the adsorption surface potential
p = −100 mV; the absolute temperature T = 293 K; the dielec-

ric constant ε= 78.54; and the large-particle radius al = 500 nm.
he computations were conducted for three values of the small-
article radius: as = 125, 250, and 500 nm, corresponding to the
article size ratio λ= 4, 2, and 1. A few values of electrolyte
oncentration were chosen to demonstrate the effect of ionic
trength. The values corresponded to the parameters κai = 4, 8,
6, 32, 64, 125, 250, 500, 1000, and 2000. The effect of the
mall-particle surface coverage was verified for θs = 0 (refer-
nce curves for monodisperse particle system), 0.02, 0.04, and
.08.

The numerical results of the computations were compared
ith the analytical results stemming from the scaled-particle

heory, extended to interacting spheres in 3D. Specifically, we
sed the formula for the available surface function in the low
urface-coverage limit

l = (1 − θd) exp

[
−3θld + γ(γ + 2)θsd

1 − θd
−
(
θld + γθsd

1 − θd

)2
]

(9)
nd its limiting form at θl = 0

0
l = (1 − θsd) exp

[
−γ(γ + 2)θsd

1 − θsd
−
(

γθsd

1 − θsd

)2
]

(10)

t
d
t
t
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erived in Paper I. The variables θld, θsd, and γ , appearing in
hese equations, are defined as:

ld =
(
d∗

ll

2al

)2

θl, θsd =
(
d∗

ss

2as

)2

θs, and γ = 2
d∗

ls

d∗
ss

− 1,

(11)

here the effective hard-particle center-to-center distance pro-
ection lengths d∗

ij were calculated by application of the Barker-
enderson or thermal-energy approximation to one of the RSA
odels [1]. The formula used for the 2D RSA model and the
arker-Henderson approximation was:

∗
ij = ai

∫ ∞

0
{1 − exp[−Eij(R2)]}dR2, i, j = s, l, (12)

here R2 =
√

(Xi −Xj)2 + (Yi − Yj)2 =
√
R2 − (1 − aj/ai)2

s the dimensionless actual particle center-to-center distance pro-
ection length.

On the other hand, using the thermal-energy approximation
e had

∗
ij = aiR

∗
2, Eij(R

∗
2) = 0.5. (13)

In the case of the 3D RSA model and the Barker-Henderson
pproximation, we used the equation:

∗
ij = ai

∫ ∞

0
{1 − exp[−Eb(R2)]}dR2, i, j = s, l. (14)

In the high electrolyte-concentration limit, expressed usually
n terms of the large κai parameter, the electrostatic interaction
ecomes weak, and the parameters d∗

ij tend to the nonzero values√
aiaj. Therefore, in this range of the κai parameter, a logarith-

ic plot of the functions d∗
ij(κai) becomes unreadable. To avoid

his inconvenience, in what follows we present the effect of the
ai parameter on the effective particle size in terms of the dimen-
ionless effective minimum particle surface-to-surface distance,

∗
ij = h∗

ij

ai
=

√√√√(d∗
ij

ai

)2

+
(

1 − aj

ai

)2

− 1 − aj

ai
, (15)

xpected to be roughly proportional to the electric double-layer
hickness.

The two older models, 2D and 3D RSA, were also exploited
n the computations to allow comparison with CT RSA predicted
esults. It should be noted that at these particle sizes and density,
he gravitational force acting on the particle was below 0.03
T/ai and therefore was neglected in our computations.

.1. Effective minimum particle surface-to-surface distance

As discussed in Paper I, the effective minimum particle
urface-to-surface distance is a very important parameter, char-
cterizing the range of the particle–particle interaction. Quali-

atively, the parameter can be defined as the average minimum
istance at which particles can adsorb at the interface. Quanti-
atively, the parameter corresponds to the particle–particle dis-
ance at which the particle potential energy is on the order of the
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Fig. 1. Comparison of effective minimum distances between small and large
particle at a plane interface, calculated according to the 2D model in connection
with two effective hard-particle approximations. Solid lines depict the Barker-
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Fig. 2. Comparison of effective minimum distances between two small particles
at a plane interface, calculated according to the 2D model in connection with two
effective hard-particle approximations. Solid lines depict the Barker-Henderson
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enderson approach, Eqs. (15) and (12), and dotted ones represent the thermal
nergy approach, Eqs. (15) and (13). The effective distances H∗

ls
correspond to

= 1 (A), λ= 2 (B), and λ= 4 (C).

hermal energy. The potential energy, and therefore the effec-
ive minimum particle–particle distance, depends strongly on
onic strength of the electrolyte. The effect of ionic strength on
he effective minimum particle surface-to-surface distance was
tudied by using the three models of adsorption and the two
pproximations of the effective hard particle. Fig. 1 presents
he dependence of the normalized effective minimum distance

∗
ls = h∗

ls/al on the κal parameter for three values of λ, as pre-
icted by the 2D RSA model in connection with the two effective
ard-particle approximations. The results based on Eq. (12) (the
arker-Henderson approach) and Eq. (13) (the thermal energy
pproach) clearly demonstrate that both approaches give almost
dentical results. As can be seen, the effect of λ is minor even at
mall values of κal, which suggests that the interface has little
ffect on particle adsorption, in line with the model’s assump-
ions. The weak effect of the particle–interface interaction can
lso be deduced from the fact that the effective particle distances
orrespond well to the thermal energy 0.5 kT in the whole range
f the parameterκal. This value confirms the assumption of parti-
le lateral equilibrium at the interface and results from neglecting
he fast, curvilinear particle transport in the thin layer adjacent to
he adsorption surface. In the presented range of the κal param-
ter, the dependence H∗

ls(κal) is almost linear. The results are
imited to the range corresponding to κas ≥ 4 to avoid inaccura-
ies resulting from many-body interactions.

The linearity is more obvious in Fig. 2, where the normalized

ffective minimum distanceH∗

ss = h∗
ss/as as a function of theκas

arameter is depicted, as obtained from the linearized thermal-
nergy approach, neglecting the preexponential term in Eq. (2).
ccording to this approach, the effective minimum distance,

v
a
a
c

pproach, Eqs. (15) and (12), and dotted ones represent the linearized thermal
nergy approach, Eq. (16). The effective distancesH∗

ss correspond to as = 500 nm
A), as = 250 nm (B), and as = 125 nm (C).

orresponding to 0.5 kT particle–particle energy, is given by the
quation:

∗
ss = 1

κas
ln

(
1

2
ε
kT

e2 Y
2
s as

)
. (16)

s one can see, the effective minimum distance can be calculated
nalytically and is proportional to the parameter Les = 1/κas.
omparison of the linearized approach and the nonlinear Barker-
enderson approximation shows that deviations of the function
∗
ss(κas) from linearity, as predicted from the 2D RSA model,

re small and can be observed just at the small κas. The plots
resented in Fig. 2 also demonstrate that the linearized thermal-
nergy approach offers a good approximation of the effective
inimum particle surface-to-surface distance.
As discussed in Paper I, the perfect sink approximation

xploited in the 2D RSA model seems to be valid only in the case
f the large κai. Modeling adsorption in a system characterized
y a larger interaction range, especially in a bimodal system,
equires another approach. That is demonstrated in the next two
gures, where the effect of ionic strength on the effective mini-
um interparticle distance is presented in the monodisperse and

imodal systems, using the 2D, 3D, and CT RSA models.
As can be seen in Fig. 3, in the case of monodisperse systems

t high ionic strength (κas > 30), both 2D and 3D models predict
lmost identical effective minimum distances, corresponding to
he lateral interaction of about 0.5 kT. As discussed above, this

alue results from neglecting the nonlinear particle transport
t the boundary layer. It should be kept in mind, however, that
ssuming the rectilinear particle trajectories in the 3D model
ould result in artificially lowering the effective interaction
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Fig. 3. Comparison of effective minimum distances between two small particles
at a plane interface, calculated according to the Barker-Henderson approxima-
tion in connection with three RSA models. Dotted lines depict the 2D model,
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ange. In fact, taking into consideration that at the energy
arrier

F⊥ = Flp

Els + Elp = Eb
(17)

see Fig. 1a in Paper I) and exploiting the equations

ls = 1 + κalR

R
Els, Flp = κalElp,

⊥ = 1 − 1/λ+H

R
Fls, F|| =

√
F2

ls − F2
⊥, (18)

here R = 1 + 1/λ+ Hls, one can find that the net force acting
n the large particle at the energy barrier Eb is:

|| = κalEb

√
R2 − (1 − 1/λ+H)2

R/[(κalR)−1 + 1] + 1 − 1/λ+H

≈ κalEb

√
2/λ+Hls −H

2 +Hls +H
≈ κasEb

√
λ. (19)

he last formula was derived using inequalities κalR 
 1,
/λ
 Hls − H, and 2 
 Hls + H, which should be fulfilled in
ur systems at κas ≥ 4. Therefore, in monodisperse systems,
he net force at the energy barrier is of the order κasEb
n the kT/as units and rapidly increases when the particle
pproaches the interface. Taking into account that the barrier

eight corresponding to the effective particle distance is about
b ≈ 0.5, one can deduce that at κas > 10, the driving force

s much larger than the kT/as unit, which is characteristic
or thermal motion [5]. Therefore, Brownian motion can be

p
a
o
t

ochem. Eng. Aspects 294 (2007) 267–279 271

eglected in considering fast-particle transport through the thin
oundary layer at κas > 10. Consequently, the equilibrium value
f the interaction energy at the effective distance, as predicted
y the 2D and 3D models, seems to have no solid support
n theory.

On the other hand, in this range of κas the CT model
redicts larger effective distances corresponding to the weaker
article–particle interaction. This prediction results from the
act that at the very beginning of the particle trajectory, the
ateral, repulsive component of the net force F|| dominates and

oves the particle out of its quasi-equilibrium starting position.
imultaneously, the attractive component F⊥, perpendicular to

he interface, increases rapidly and moves the particle toward
he surface. At condition κas > 10, however, the boundary-layer
hickness is much smaller than the particle radius; therefore,
he adsorbing particle cannot approach the adsorbed one
losely during the small displacement. As a result, the final
article positions correspond to interactions weaker than the
hermal energy and to effective particle distances larger than
redicted by the 2D and 3D models. It should be noted that
t κas > 100, the differences between the CT and 2D or 3D
esults become small in comparison with the particle size and
an be hard to detect experimentally. Thus, one can claim that
n the short interaction range, all the models offer a reasonable
ccuracy.

At κas < 10 the net driving force at the energy barrier cor-
esponding to the effective particle surface-to-surface distance
ecomes comparable to the kT/as unit, and Brownian motion
ay have some effect on particle adsorption. It should be noted,

owever, that just in this range of κas the effective distances
orrespond to the thermal energy, which suggests that the CT
odel offers a quite reasonable approximation even at the inter-

ction range comparable to the particle size, in spite of neglecting
rownian motion. At this range of interactions, the effective
article distances predicted with the CT model become smaller
han those predicted by the 2D model and correspond to the
ateral repulsion a few times stronger than the thermal energy.
his final position of the adsorbing particle results from the

hicker surface-force boundary layer. At the thicker layer, the
article located at the effective energy barrier there is at a
elatively large distance from the interface. Also, the particle
enter-to-center distance projection length R2 is relatively small
n such a position. After a short distance, when the adsorb-
ng particle is mostly repulsed from its starting position, the
ttractive force starts to dominate and directs the particle almost
erpendicularly to the interface. As a result, the adsorbing par-
icle approaches the deposited particle closely, and the final
osition can correspond to a relatively high particle–particle
otential.

As discussed above, the effective distance calculated with
he 2D model corresponds to the lateral interaction on the
rder of thermal energy even at the smallest κas parameter,
hen the boundary-layer thickness becomes comparable to the

article dimension and one could expect the interface to have
strong effect. That value of the effective distance suggests

verestimation of the results arising from the assumption of
he constant parameter α= 0.5, appearing in the formula that
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Fig. 4. Comparison of effective minimum distances between small and large
particle at a plane interface, calculated according to the Barker-Henderson
approximation in connection with three RSA models. Dotted lines depict the
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efines the electrostatic interaction in the 2D RSA model—see
q. (3) in Paper I. The results obtained with the 3D model, on

he other hand, corresponding to a lateral repulsion a few times
tronger than kT, are evidently underestimated because of the
ssumption of the rectilinear particle trajectory.

The effect of the κal parameter on the effective minimum
article surface-to-surface distance H∗

ls in the bimodal systems
s presented in Fig. 4. As discussed above, the 2D RSA model
redicts the interface to have little effect on particle adsorption
ven at low ionic strength. On the other hand, the effect is evident
n the cases of the 3D and CT models in the whole range of κal.
n agreement with intuition, the large particle can be deposited
ext to the small one even at a lateral repulsion on the order of
0 kT, as predicted by the CT model. This behavior results from
he strong attraction of the large particle to the interface, which
artially compensates the repulsion exerted by the small parti-
le. On the other hand, the effective distances calculated with
he 3D model correspond to the lateral interaction, which is one
o several orders of magnitude stronger than the thermal energy.
herefore, the rectilinear trajectory assumption in the 3D model
oes not seem reasonable, driving us to the conclusion that the
T RSA model offers the best description of colloid-particle
dsorption. It should be noted that H∗

ij obtained from the CT
SA model refers to the final position of the adsorbing particle
nd thus conveys the information about the monolayer structure.
n the other hand, H∗

ij calculated from the 3D RSA model cor-

esponds to the available surface function, almost identical for
oth 3D and CT processes, and so allows kinetic characteriza-
ion of the systems. This capability is discussed in more detail
n the next section.

s
3
w
f

f the small particle surface coverage: θs = 0 (filled symbols, reference curve)
nd θs = 0.08 (open symbols). Triangles, diamonds, and circles correspond to
D, 3D, and CT model predicted results, respectively, calculated with Eq. (7).

.2. Available surface function

Comparison of the available surface functions derived from
he 2D, 3D, and CT RSA models and computed for the param-
ters λ= 2 and κal = 8 is presented in Fig. 5. The functions,
alculated according to Eq. (8), refer to the parameter θs = 0 (ref-
rence curve) and θs = 0.08. In agreement with intuition, both 3D
nd CT models give identical results at θs = 0 and low surface
overage of the large particle, which results from the similar
onstruction of the algorithms. A small difference suggesting
ifferent monolayer structures becomes visible at θl = 0.15. The
ifference grows with an increase of the surface coverage, so
ne could expect somewhat different jamming limits. As one
an see, the available surface functions are always larger than
heir 2D counterparts, although the differences are very small
t low surface coverage. This difference results from the fact
hat, unlike the 2D model, the 3D and CT models estimate the
dsorption probability by taking into account the value of the
article potential calculated at some distance from the inter-
ace and therefore at larger particle–particle distance. Moreover,
he interparticle repulsion is partially neutralized because of the
ttraction to the interface. The 2D model neglects the 3D effects.
herefore, it seems that application of the 2D model is limited to

he monodisperse systems and low-to-medium surface coverage
r high ionic strength (κas > 100). On the contrary, the 3D model
eems suitable for computing the kinetic aspects of adsorption
n the full range of the κai parameters.

A similar behavior of the available surface functions may be
bserved at θs = 0.08. Because of the different structures of the

mall particle layers, however, a small difference between the
D and CT models is visible at the low surface coverage θl as
ell. Also, the difference between the predicted available surface

unctions for the 2D and 3D models is much larger in the bimodal
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Fig. 6. Variation of the initial adsorption fluxB0
l with the parameterκal predicted
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Fig. 7. Variation of the initial adsorption flux B0
l with the small-particle surface

coverage θs for the particle size ratio λ= 1 (circles), λ= 2 (squares), and λ= 4
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y the model CT, Eq. (7). Open and filled symbols correspond to the small-
article surface coverage θs = 0.02 and θs = 0.08, respectively. The particle size
atio equals λ= 1 (circles), λ= 2 (squares), and λ= 4 (triangles).

ystem and reaches three orders of magnitude. This discrepancy
uggests that unlike the 3D model, the 2D one is useless in the
ase of bimodal systems. This conclusion is consistent with the
xperimental results published in Ref. [6]. Although the authors
f Ref. [6] suggested that the reduced blocking effect observed
uring deposition on the precovered surface could result from
he small-colloid-particle charge migration at the mica surface,
n view of the results presented here we can explain the observed
ffect as being based on the reduction of the different-size par-
icles’ repulsion at the charged adsorption surface.

The result, which can be considered as an aspect of the reverse
alt effect [7], consisted in the enhancement of the particle
eposition rate under attractive double-layer forces and experi-
entally proved at the end of the 1980s, is more evident in Fig. 6.
he figure presents the initial deposition flux B0

l as a function
f the κal parameter, calculated according to the CT model for
s = 0.02 and 0.08, at λ= 1, 2, and 4. At the hard-particle limit
κal = 2000), the results are in agreement with the limiting form
f the available surface function at low surface coverage [1], i.e.,

l ∼= 1 − 4λθs, (20)

part from the two lowest curves corresponding to λ= 2 and 4
t θs = 0.08, when 4λθs > 0.5 and the assumption of low surface
overage does not apply anymore. In the long-interaction-range
imit, on the other hand, the available surface function behavior
epends on the λ parameter and is consistent with the depen-
ences H∗

ls(κal), discussed above. At λ= 1, when H∗
ls is on

he order of one, the available surface functions monotonically

nd relatively quickly decrease with κal, which means that the
article–interface attraction has a minor effect on the surface
locking. Atλ= 2, whenH∗

ls reaches few tenths, the large particle
an be adsorbed at a much shorter distance from the small sphere,

o
s
e
t

imulations, Eq. (7), and using the scaled-particle theory equilibrium approach,
q. (10), respectively.

nd so the blocking effect is reduced by the stronger particle-
urface attraction. Indeed, the corresponding available surface
unctions’ slopes are smaller than those when λ= 1, which con-
rms the statement. Finally, at λ= 4 one can observe that B0

l
hanges very little with κal, which means that the interparti-
le repulsion is neutralized by the attraction to the interface. As
matter of fact, the corresponding H∗

ls is below 0.09, which
onfirms the weak blocking effect. Moreover, the value of B0

l
omputed at λ= 4, θs = 0.02, and κal = 16, is larger than the cor-
esponding hard-particle limit. This fact means that, because of
ttraction to the interface, the particle can be adsorbed even if
t the starting position it is located partially behind the small
article at R2 < 2/

√
λ, which would be impossible in a hard-

article system. One should also note that the effect of attraction
o the interface is smaller at the higher coverage θs, what results
rom the enhanced repulsion exerted by the larger number of the
maller particles.

The effect of the small-particle surface coverage and particle
ize ratio on the B0

l available surface function is investigated
n Fig. 7. Both CT-model and equilibrium results – Eq. (10) –
re presented there for κal = 16 and λ= 1 (reference system),
, and 4. The results computed using the two models are essen-
ially identical in the low surface-coverage limit, which confirms
he robustness of the software used for simulations. At higher
overage, however, the equilibrium available surface functions
chieve larger values, and the differences increase with the cov-
rage θs. The available surface functions rapidly decrease with
n increase in the λ parameter, which suggests that the presence
f smaller (invisible) particles at the interface can result in a

trong reduction of the adsorption flux. This surface poisoning
ffect should be experimentally detectable by a measurement of
he large-particle initial adsorption flux.
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However, a quantitative determination of the surface cov-
rage of these particles becomes possible only by considering
he coupling between the surface-layer transport (described by
he function B0

l ) and the bulk transport (governed by convective
iffusion of particles). According to the surface-force boundary-
ayer approximation [8], the actual initial particle flux j0

l in this
ase is governed by the generalized blocking function

¯ 0
l (θs) = j0

l

j
0,0
l

= KB0
l (θs)

1 + (K − 1)B0
l (θs)

, (21)

here j0,0
l is the initial adsorption flux to the homogeneous sur-

ace (at θs = 0) and K = ka/kb, ka is the kinetic adsorption constant
iven by the equation:

a =
{
al

∫ HL

HPM

exp[φlp(H ′)]
Dl(H ′)

dH ′
}−1

, (22)

here HL and HPM are the dimensionless thickness of the
dsorbed small-particle layer and the primary minimum dis-
ance, respectively; φlp is the particle–interface potential; Dl
he position-dependent diffusion coefficient of the large parti-
le; H′ = H + HPM; and kb the bulk mass-transfer rate. This rate
an be calculated analytically or numerically for the stationary
ransport to uniformly accessible surfaces such as a rotating disk,
mpinging jet cells, etc. [9,10].

Expressing the diffusion coefficient as Dl(H ′) = D∞
l H

′/
H ′ + 1) [11] and assuming the CT model of the electrostatic
nteraction, we can substitute φlp = Elp and HL ≈ 2/λ+H0∗

ls ,
here H0∗

ls = h0∗
ls /al is the effective dimensionless minimum

article surface-to-surface distance calculated for the isolated
ystem of the small and large particles, located far from the
nterface. Then ka can be evaluated explicitly to give:

=
[
Sh

(
ln

2/λ+H0∗
ls

H∗
lp

+ 2

λ
+H0∗

ls −H∗
lp

)]−1

, (23)

here Sh = kbal/D
∞
l is the dimensionless mass-transfer

herwood number, and H∗
lp = h∗

lp/al is the dimensionless
article–interface gap width corresponding to Elp(h∗

lp) = −0.5.
n the other hand, the perfect sink approximation exploited in

he 2D model gives:

=
[
Sh

(
ln

HL

HPM
+ 2

λ

)]−1

. (24)

As can be deduced from Eq. (21), the large particle flux (nor-
alized to the flux for an uncovered surface) depends on two

nknown parameters only,

j0
l

j
0,0
l

= f (λ, θs), (25)

hich suggests that by experimental measurements of j0
l /j

0,0
l

or various large-particle sizes, we can determine both coverage

s and radius as of the small particle using a nonlinear fitting
rocedure.

Experimental data presented in Fig. 8, obtained for latex par-
icles [12], confirm the validity of the above model, as well as

m
d
a
a

ines denote results derived from the surface force boundary layer approxima-
ion, Eq. (21), exploiting the B0

l (θs) functions calculated numerically with the
T and 2D model, respectively, Eq. (7). See more details in the text.

he CT approach, for predicting the adsorption flux of larger
articles at precovered surfaces. The experiments were con-
ucted using the circular impinging jet cell and particles of 0.68
nd 1.48 micron in diameter at I = 10−4 M and the Reynolds
umber Re = 4. The dimensionless parameters were λ= 2.2
nd κal = 24.55. The surface potentials ψs =ψl = −50 mV and
p = 50 mV were assumed in the computer simulation, accord-

ng to the experimental conditions, which gave the effective dis-
ances H0∗

ls = 0.305 and H∗
lp = 0.360. The Sherwood number

btained by the numerical solution of the convective diffusion
quation was Sh = 0.0822. Based on Eq. (23), we can calculate
= 5.88.
The theoretical curve plotted in Fig. 8 is a good approximation

f the experimental results in the whole range of the coverage θs.
he only large discrepancy (one order of magnitude) between

he observed and calculated value of the initial flux appears at
s = 0.27, which can be explained by considering small-particle
ize polydispersity. As estimated later on, the maximum cover-
ge of the small particle is about 0.34, and so the θs should be
onsidered high. At high surface concentration, however, parti-
le size polydispersity plays a significant role. As demonstrated
n Ref. [13], assuming the constant particle diameter at a size
olydispersity of 10% results in a 10% overestimating of the
ctual maximum surface coverage. Therefore, one could expect
hat the actual θs is about 0.25; the experimental result then
grees well with theory.

On the contrary, the curve predicted by the 2D model and
alculated for K = 2.5, according to Refs. [8,14], underestimates
he experimental results at θs > 0.2 by one order of magnitude and
ore, which results from overestimating the blocking effect, as
iscussed above. A reasonably good agreement of the 2D model
nd the experimental results at the low surface coverage may be
consequence of the fact that in this regime, the overall transport
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Fig. 9. Comparison of the available surface function Bl(θl) calculated using the
CT model – solid lines, Eq. (7) – and the equilibrium scaled-particle theory –
dash-dot-dot lines, Eq. (9) – for the particle size ratio λ= 2 and the parameter
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Fig. 10. Effect of the κal parameter on the maximum surface coverage θmx

predicted by three RSA models: 2D (dotted lines), 3D (dashed lines), and CT
(solid lines) at the particle size ratio λ= 2. Circles, squares and triangles corre-
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al = 8. Open symbols denote different values of the small-particle surface cov-
rage: θs = 0 (reference curve, circles), θs = 0.02 (squares), θs = 0.04 (triangles
p), θs = 0.08 (triangles down).

ate is determined mostly by convective diffusion because of a
elatively small exclusion effect; thus, the inaccuracy introduced
y the function B0

l is minor.
Fig. 9 presents the available surface functions Bl(θl) com-

uted for our model systems. The functions were calculated
sing the CT RSA model and the equilibrium Eq. (9) for the
imodal systems characterized by the parameters λ= 2 and
al = 8 at four different values of the coverage: θs = 0 (reference
urve), 0.02, 0.04, and 0.08. Based on the plots, conclusions
imilar to those found in Fig. 7 can be drawn. As one can
ee, both approaches give the same results within the limits
f low surface coverage θs and θl. In the case of θs = 0.08,
owever, the difference between both curves is evident even
t θl = 0. This difference results from the fact that the effec-
ive coverage corresponding to the system of the small particles
s about 0.15, as can be estimated based on results obtained
ith the 3D model and presented in Fig. 3. In a similar way,
ne can estimate the effective size and coverage correspond-
ng to the other curves. Therefore, we conclude that electro-
tatic interaction can significantly increase blocking effects
n bimodal systems, especially at small λ and high surface
overage.

.3. Maximum surface coverage

As with available surface functions, the maximum surface
overage that determines monolayer capacity is of great practi-
al interest. As demonstrated in a number of earlier studies, the

uantity depends very much on ionic strength. However, quan-
itative estimations of the dependence, published in scientific
apers, are not consistent and change with the model of adsorp-
ion used in simulations or with the experimental procedure. The

t
m
s
l

pond to the small-particle surface coverage θs = 0.02, θs = 0.04, and θs = 0.08,
espectively.

esults stemming from the 2D, 3D, and CT models are compared
n Fig. 10. They were obtained for the parameter λ= 2 at three
alues of the small-particle coverage: θs = 0.02, 0.04, and 0.08.
s mentioned earlier, the computations were conducted for a

ew values of the parameter κal and stopped after the dimen-
ionless time τl = 104. The reported values of θmx correspond to
hat time.

At high ionic strength, corresponding to the large parameter
al, all the models predict the same values of the maximum cov-
rage, in agreement with intuition. This is the hard-particle limit.
t the range of the low κal parameter, however, the results can
e distinguished. Again, the plots obtained with the 3D and CT
odels are similar, whereas the 2D predicted results are much

ower, which results from the overestimated blocking effects.
herefore, one can conclude that unlike the 2D model, the 3D
odel gives a reasonably good approximation of the maximum

urface coverage at a lower computational cost, when compared
ith the CT model. The results are somewhat overestimated
ecause of the assumption of the rectilinear particle trajectory,
hich can result in slightly higher coverage θmx. The maximum

overage θmx decreases with ionic strength and with an increase
f the small-particle coverage θs.

The last conclusion can be drawn based on Fig. 11, as well.
he results presented there were obtained using the CT model

or two values of the coverage – θs = 0.02 and 0.08 – and for
hree values of the parameter λ – 1, 2, and 4. As one may see, in
he presented range of κal the effect of the parameter λ on the

aximum surface coverage decreases with κal. The trend is con-

istent with the decrease of the effective particle size ratio λ* at
ower ionic strength, as described in Paper I. It is clear, however,
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Fig. 11. Effect of the κal parameter on the maximum surface coverage θmx pre-
dicted by the CT model for three values of the particle size ratio: λ= 1 (circles),
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Fig. 12. Effect of picture resolution on the pair-correlation function. Open circles
connected with a solid line represent the results obtained for the continuum
particle coordinates (in the computer accuracy), and filled circles denote the
values derived from the rounded-off particle coordinates (resolution of 10 pixels
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following parameters: al = 500 nm, κal = 10, and θl = 0.25. As
one can see, the primary peaks are located at Rp = rp/al = 2.9,
2.7, and 2.85, as predicted by the 2D, 3D, and CT models,
respectively. The positions correspond well to the effective
= 2 (triangles up), and λ= 4 (triangles down). Open and filled symbols denote
esults obtained at the small-particle surface coverage θs = 0.02 and θs = 0.08,
espectively.

hat the lowering of the effective size ratio does not explain why
he plotted curves cross over one another. Obviously, at high
onic strength, when the particles can be considered hard, the

aximum coverage decreases with increase of λ, as discussed
n Ref. [15]. The opposite effect should be detectable at low
onic strength. It seems to result from the interplay between the
article–particle repulsion and the particle–interface attraction,
s discussed above. At sufficiently low electrolyte concentra-
ions, the smaller particles, corresponding to the larger λ, allow

ore-efficient interception of the large particle because of the
olling mechanism.

.4. Pair-correlation function

Electrolyte ionic strength has a great impact not only on the
inetic aspects of large-particle adsorption but on controlling
he formed monolayer structure, as well. As was demonstrated
bove, lowering the κai parameter results in a significant
ncrease of the effective minimum particle surface-to-surface
istance, which affects the pair-correlation function. In a real
ystem, the function can be determined using experimental
echniques. Therefore, by manipulating ionic strength one can
asily verify a particle-deposition model in respect to both kinet-
cs and structure. In actuality, the experimental determination
f the correlation function is a difficult task because of the large
umber of particles needed to eliminate fluctuations and obtain

reasonably smooth curve. Moreover, some of the methods,

ike optical microscopy, have limited accuracy because of low
mage resolution, rarely exceeding a few tens of pixels per
article diameter. The effect of image resolution on gl(R) is

F
(
(
s
θ

er particle diameter). Both functions are based on the same data obtained in the
lassical hard sphere RSA simulation. The number of particles used to compute
he functions gl(R) is 2200, and the surface coverage θl = 0.536.

emonstrated in Fig. 12, where the pair-correlation function
alculated for the hard particle monolayer close to jamming
s compared with its counterpart obtained from the same
imulation data at image resolution assumed to be 10 pixels per
article diameter. Note that rounding off the particle coordinates
esults in a significant change of the function profile, first of all
n lowering of the primary maximum. The difficulties, however,
re technical in nature and can be overcome with the further
evelopment of the experimental technique and electronics.

To begin with, Fig. 13 presents a comparison of the pair-
orrelation functions of the monodisperse system computed
or the 2D, 3D, and CT models according to Eq. (8) for the
ig. 13. Comparison of radial distribution functions gl(R) calculated using Eq.
8), based on simulation data obtained with three RSA models: 2D (circles), 3D
triangles up), and CT (triangles down). The results refer to the monodisperse
ystem (θs = 0) at the parameter κal = 10 and the large-particle surface coverage

l = 0.25.
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Fig. 14. Comparison of radial distribution functions gl(R) calculated using Eq.
(8), based on simulation data obtained with three RSA models: 2D (circles), 3D
(triangles up), and CT (triangles down). The results refer to the bimodal system
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Fig. 15. Radial distribution functions gl(R) calculated using Eq. (8), based on
data derived from CT simulations for the particle size ratio λ= 1 (circles), λ= 2
(triangles up), and λ= 4 (triangles down). The curves were computed at the
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t the particle size ratio λ= 4, small and large-particle surface coverage θs = 0.08
nd θl = 0.146, and the parameter κal = 16.

inimum particle surface-to-surface distances, as presented
n Fig. 11, and are equal to 2.65, 2.5, and 2.7, respectively.
ssuming that the effective hard-particle radius equals half of

he effective minimum distance, a∗
l = 0.5h∗

ll, all the peaks are
ocated in the interval rp/a∗

l ∈ (2.1; 2.2), which agrees with the
ard-particle result. The high maximum evident in the figure,
btained with the CT model, results from including the rolling
ffect in the model. In agreement with the algorithm and the
vailable surface functions presented above, the correlation
unction computed with the 3D model is shifted toward the
maller interparticle distance, corresponding to the stronger
ateral repulsion. At the particle–particle distance larger than
hree particle radii, both 3D and CT models give very similar
esults. All the three functions are basically indistinguishable at
he distance larger than four radii, predicting the same position
f the shallow minimum at R = 4.8.

The plots depicted in Fig. 14 were computed using the three
odels at the following parameters of the bimodal system:
= 4, κal = 16, θs = 0.08, and θl = 0.146. The primary maxima
btained for higher ionic strength are located at the smaller dis-
ances Rp = 2.45, 2.55, and 2.57 according to the 2D, 3D, and
T models, respectively. The corresponding effective minimum
istances are equal to 2.42, 2.38, and 2.5 and comply with the
eaks’ position. The shift of the primary maximum toward the
horter interparticle distance, as well as the appearance of the
econdary peak of the correlation function, demonstrates that
he system computed with the 2D model is in the range of the
igh surface coverage achieved at a relatively long adsorption
ime. Again, this effect is a consequence of the stronger blocking
ffects in the model, resulting in the lower maximum coverage.
ne should note that the secondary maximum is located just one
article radius from the primary maximum, which suggests that
ts appearance is caused by the presence of the small particles. As
n the monodisperse system, the CT model predicts a relatively

igh and sharp primary maximum, reflecting the particle-rolling
ffect. The 3D correlation function is shifted toward the smaller
istance because it neglects that effect. The distance at which

t
b
d

mall-particle surface coverage θs = 0.08 and the parameter κal = 16, close to
amming (τl = 104).

oth functions can be considered identical is shorter than it was
n the case of the monodisperse systems and corresponds to the
horter effective minimum particle surface-to-surface distance
t higher ionic strength.

The pair-correlation functions appearing in Fig. 15 demon-
trate the effect of particle size ratio as predicted by the model
T RSA at κal = 16, θs = 0.08, and θl = θmx. In agreement with

ntuition, the gl function maximum position at R = 2.5 does not
epend on λ and corresponds very well to the effective min-
mum particle distance. On the other hand, the peak height
vidently decreases with an increase of the λ parameter. This can
esult from the fact that the tinier particles, more dispersed over
he adsorption surface, cause larger irregularities in the large-
article structure. A very low secondary peak can be observed
or λ= 2 at the distance R = 3.5, as can the heightened values
f the correlation function corresponding to λ= 4 at the dis-
ance R = 3. As discussed above, the position of the deviations
rom the monodisperse functions suggests that their appearing
s caused by the preadsorbed small particles. On the contrary,
he correlation function obtained for λ= 1, with the secondary

aximum located at a distance two times larger than the pri-
ary one, seems to be indistinguishable from its monodisperse

ounterpart.
The effect of ionic strength on correlation functions is pre-

ented in Fig. 16. The functions were computed for the parame-
ers λ= 4, θs = 0.08, and θl = θmx at three values of the parameter
al: 16, 32, and 64, using the CT model. The primary maxima
re located at R = 2.5, 2.3, and 2.15, respectively, and comply
ith the effective minimum distance depicted in Fig. 11. The
eaks corresponding to the smaller parameter κal are lower and
ore diffused, in agreement with intuition. The heightened val-

es of the correlation functions to the right of the peaks suggest
n effect caused by the smaller, preadsorbed particles. Based
n the figure, one may draw a more general conclusion that

he presence of smaller particles at the adsorption surface can
e manifested by an increase of the correlation function at the
istance of about R = Rpp + 2d∗

ls/al, where Rpp is the primary
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Fig. 16. Radial distribution functions gl(R) calculated using Eq. (8), based on
data derived from CT simulations for the particle size ratio λ= 4 at three values
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convection in particle deposition at solid surfaces, Coll. Surf. A 165 (2000)
f the parameter κal = 16 (circles), κal = 32 (triangles up), and κal = 64 (trian-
les down). The curves were computed at the small-particle surface coverage

s = 0.08, close to jamming (τl = 104).

eak location. The effect becomes significant, however, at the
igher coverage θl.

. Conclusion

The analysis of the computational results obtained with the
xtended RSA models clearly suggests that these models are
uitable for quantitative studies of adsorption on precovered
urfaces in terms of the effective minimum particle surface-to-
urface distance, available surface function, correlation function,
nd maximum coverage. In connection with the surface-force
oundary-layer approximation, the models allow determination
f the adsorption kinetics as well.

The simplest version of the model allowing the soft
nteraction is the 2D RSA model, which assumes the per-
ect sink particle-surface interaction and considers just the
ateral particle–particle interaction. Consequently, this model
verestimates the blocking effect and predicts the quasi-
quilibrium pair-correlation function. Therefore, application
f this model seems to be restricted to monodisperse systems
nd low surface coverage, as well as for systems where the
article/adsorption–surface interaction is very short ranged.
he more sophisticated model, 3D RSA, which considers the
lectrostatic interaction particle–interface, adequately describes
he kinetic aspects of adsorption in the full range of the κai
arameter (κai > 4). However, because the rectilinear particle
rajectory is assumed, this model does not predict the correct
orrelation function, especially at high surface coverage. It
eems that at present the best tool for studying the kinetic and
tructural aspects of adsorption is the CT RSA model, which
ncludes the electrostatic particle–interface interaction and
onsiders the curvilinear particle trajectory at a relatively low
omputational cost.
Results of computation suggest that the effect of electrostatic
nteraction on particle deposition at precovered surfaces depends
ubstantially on ionic strength, the particle size ratio and surface
overage. At small-to-medium interaction range (κai > 10) with

[
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smallλ parameter and medium-to-high surface coverage, when
he interparticle repulsion dominates over the particle–interface
ttraction, electrostatic interaction effectively enhances the sur-
ace blocking effect. In the case of κai < 10 and a large particle
ize asymmetry, however, the computations suggest domination
f the attraction to the adsorption surface, which can result in
diminishing of the blocking effect, even in comparison with

ard-particle systems. The effect is particularly noticeable at low
urface coverage.

Application of the effective hard-particle concept allows
xtension of the scaled-particle theory for bimodal systems of
oft particles. The derived analytical formulae for the available
urface function are a good approximation of the numerical
esults in the range of low surface coverage.

The presence of small particles at the adsorption surface can
e detected not only by measuring the adsorption flux or maxi-
um coverage but also by determining the large-particle radial

orrelation function that becomes higher at the separation dis-
ance corresponding to two effective large particles with one
mall particle in between. In the case of the large coverage θl, a
ow secondary peak can even appear to the right of the primary

aximum.
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[4] Z. Adamczyk, P. Weroński, Random sequential adsorption on partially cov-
ered surfaces, J. Chem. Phys. 108 (1998) 9851.

[5] P. Schaaf, P. Wojtaszczyk, E.K. Mann, B. Senger, J.-C. Voegel, D. Bedeaux,
Fluctuation of the number of adsorbed particles analyzed by a virial expan-
sion: comparison between experiment and theory, J. Chem. Phys. 102
(1995) 5077.
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