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Abstract

We study random sequential adsorption (RSA) of electrostatically interacting colloid particles using the new simulation approach described in
Paper I [P. Weroniski, Effect of electrostatic interaction on deposition of colloid on partially covered surfaces. Part I. Model formulation, Coll. Surf.
A 294 (2007) 254]. Numerical simulations are performed according to this curvilinear trajectory RSA model to determine the available surface
function, jamming coverage, and pair-correlation function of the larger particles. The effect of the particle size ratio, electrolyte ionic strength, and
the small-particle surface coverage on the large-particle deposition is demonstrated. The numerical results are tested using the two-dimensional
(2D) scaled-particle theory, with a modification for the sphere geometry and electrostatic interaction, exploiting the extension of the effective
hard-particle approximation to bimodal systems. The effect of electrolyte concentration on the effective minimum particle surface-to-surface
distance is presented, too. The numerical results are compared with the results obtained using two older approaches, the 2D and three-dimensional
(3D) RSA models. The study suggests that the formula stemming from the scaled-particle theory provides a good approximation in the low surface
coverage limit. The results obtained with the 3D and curvilinear trajectory models indicate that large-particle/substrate attractive interaction
significantly reduces the kinetic barrier to large, charged-particle adsorption at a surface precovered with small, like-charged particles. The available
surface function and jamming-coverage values predicted using the simplified 3D and the more sophisticated curvilinear trajectory models are
similar, while the results obtained with the 2D model differ significantly. The pair-correlation function suggests different structures of monolayers
obtained with the three models. Results of this research clearly suggest that the extended curvilinear trajectory RSA approach can fruitfully be
exploited for numerical simulations of colloid-particle adsorption at precovered surfaces, allowing the investigation of soft-particle systems.
© 2006 Elsevier B.V. All rights reserved.
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using the CT RSA model. First, we describe the simulation
algorithm in more detail. Our determinations of the effective
minimum particle surface-to-surface distance, available surface
function, jamming coverage, and radial distribution function

1. Introduction

In the preceding companion paper [1], hereafter referred
to as Paper I, we discussed shortcomings of the existing two-

dimensional (2D) and three-dimensional (3D) RSA models that
can lead to inaccurate computational results, especially in the
case of adsorption at a surface precovered with small, like-
charged particles. We also introduced the new curvilinear trajec-
tory (CT) RSA model that overcomes the shortcomings. In this
paper we present results of the numerical simulations conducted
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are presented next. Lastly, we verify the effect of the particle
size ratio, small-particle surface coverage, and electrolyte ionic
strength on the characteristics of the adsorption process. The
numerical results are tested in terms of the 2D scaled-particle
theory, with a modification for the sphere geometry and elec-
trostatic interaction, using equations derived in Paper 1. The
numerical results are compared with the results obtained using
two older approaches, the 2D and 3D RSA models. This com-
parison allows us to evaluate the limits of applicability of the
older models.
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2. The simulation algorithm

The simulations of the irreversible adsorption process were
carried out over a square simulation plane with the usual periodic
boundary conditions at its perimeter and two subsidiary grids of
square areas (cells) of the size \/Eas and \/Eal [2]. This strat-
egy enhanced the scanning efficiency of the adsorbing particle
environment performed at each simulation step. The simula-
tions were conducted in two main stages: first, adsorption of
smaller particles at the homogeneous interface was carried out
to a desired surface coverage; then, the larger particles were
adsorbed at the prepared heterogeneous surface. At both stages
the surface coverage was calculated using the equation:

JTaizNi
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where N; is the number of spherical particles of radius a;

adsorbed at the interface of the area S. The subscripts s and 1
refer to small and large particles, respectively.

At both stages, the next particle to be adsorbed was selected
by choosing at random its X, and Y, center coordinates.
Next, the vicinity of the test particle was scanned, and the
minimum distance Hmjn =Zmin — 1 to the interface, resulting
from the non-overlapping condition, was calculated. Then the
particle—interface interaction at the minimum distance was cal-
culated as described in Paper I, using the limiting form of the
equation:

i=s,1, (1
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when one of the particles’ radii tends to infinity and H1 = Hpip.
In this equation ¢ is the dielectric constant of the medium, k the
Boltzmann constant, 7 the temperature, e the electron charge,
k1= \/103 ekT/(8me? IN ) the Debye length in cm, I the elec-
trolyte ionic strength expressed in mol/dm3, Na Avogadro’s
number, and Y; and Yj are the effective surface potentials of
the interacting surfaces, respectively [1].

If the particle—interface potential at the minimum distance
was larger than Ej,(Hn)>—0.01, i.e., the minimum distance
Hpin was large and the attraction to the interface was negligi-
bly small compared with the particle—particle repulsion at the
point (Xy, Yy, Hmin+ 1), the virtual particle was rejected and
new particle coordinates were generated. Otherwise, the location
and height of the kinetic barrier to adsorption Ey was calcu-
lated for the virtual-particle energy profile represented by the
equation:

EH) =y 4
gy = e yy
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Ei(H) = Eij(Hn)+ Eip(H), i,j=1s 3)
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at fixed X, and Y, coordinates, where H=h/a; is the
particle—interface gap width expressed in particle radii a;, n the
number of the small and large particles attached to the collector
surface in the vicinity of the adsorbing particle, Hy, the mini-
mum surface-to-surface distance between the moving particle
and the deposited particle m, and Ej; is the electrostatic (repul-

sive) interaction energy between them, calculated according to
Eq. (2). In this paper we will always use i =/ in case of i # .

If the barrier existed, the starting point of the particle
trajectory was assumed to be at the barrier. Otherwise, the
particle—interface interaction was verified at the point (X, Yy,
Hpin + 1). When the interaction was attractive, the particle was
adsorbed at the point (X, Yy, 1) and the next virtual coordinates
were chosen; otherwise, the starting point was assumed to be at
the minimum distance Hp,in, and the total particle potential was
calculated at the point (Xy, Yy, Hpin + 1). Based on the value of
the potential or barrier height, the probability of appearing of
the particle at the starting point of the trajectory was calculated
from the Boltzmann relationship. If the probability was smaller
than an additional random number generated with uniform dis-
tribution within the interval (0; 1), the adsorption attempt was
rejected, and the next virtual coordinates were chosen. Other-
wise, the X and Yy coordinate constraints were released and the
particle trajectory was calculated to the particle’s point of con-
tact with the adsorption surface at H=0, using the deterministic
equation of motion:

dR;
dt*

1

= Fi(Ry), “

where Rj =rj/g; is the virtual-particle position vector in the q;
units, ¥ = tai2 /D{° the dimensionless time, ¢ the time in s,
D = kT/6mna; the diffusion coefficient of the particle in the
bulk, 7 the solution dynamic viscosity, and F; the net force act-
ing on the particle, expressed in the k7/a; units and calculated
according to the equation:

Fi(Rj) = —VE;(Ry), )

where E;(R;) is the total particle potential given by Eq. (3). Once
the particle touched the interface, its position was permanently
fixed, with no consecutive motion allowed.

In rare cases (one per a few thousands of trials) the
particle was driven far from the adsorption surface. If the
particle—interface interaction dropped to 10~2 kT, a new adsorp-
tion attempt was undertaken. Each particle path was calculated
using the CT RSA model and taking into account only neigh-
boring particles. The tested vicinity of the virtual particle was
limited to a circle that included all the adsorbed particles for
which Ej; could potentially be larger than 0.01.

This algorithm enabled us to simulate adsorption kinetics
in terms of the dimensionless adsorption time defined by the
expression:

2
7= n%ij, i=s1, ©6)
where Ni, is the overall number of the particle adsorption tri-
als performed during the first or second adsorption stage. One
should note that such computed kinetics neglects the coupling
between the bulk and surface-layer transport and therefore can
be directly used only in specific systems where the coupling is
negligible. The maximum dimensionless time 7; attained in our
simulations was 10*, which required an overall number of tri-
als on the order of 10” to 10'°. The maximum surface coverage
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reported later on corresponds just to the coverage achieved after
7 =10%

Available surface functions were calculated using this algo-
rithm and the method of Schaaf and Talbot [3] by exploiting the
definition:

0

N,
Bi(6s,0) = =<, i=s,l, (7
Natt

where N$; and N, . are the overall and successful number of
adsorption attempts, respectively, performed at fixed 6 and 6.
In our simulations these numbers were on the order of 10°.
The data obtained with this algorithm allowed us to calcu-
late the pair-correlation function (called also radial distribution

function) defined in Ref. [4] as:

S AN;
(R)=—(——— ), 1i=s,]l, 8
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where angle brackets mean the ensemble average, AN; is the
number of particle centers within the ring 27wR;AR; drawn
around a central particle, and R; = r/a; the dimensionless radius
of the ring.

3. Results of computations

The CT RSA algorithm was used to perform extensive com-
puter simulations of soft-particle adsorption at precovered sur-
faces. The available surface functions, jamming limits, and
pair-correlation functions were obtained for the following val-
ues of the system’s physical parameters: the large- and small-
particle density and surface potential p; = ps=1.05 g/cm® and
Y1 =¥ =50mV, respectively; the adsorption surface potential
Yp =—100mV; the absolute temperature 7=293 K; the dielec-
tric constant £ =78.54; and the large-particle radius a; =500 nm.
The computations were conducted for three values of the small-
particle radius: a5 = 125, 250, and 500 nm, corresponding to the
particle size ratio A=4, 2, and 1. A few values of electrolyte
concentration were chosen to demonstrate the effect of ionic
strength. The values corresponded to the parameters ka; =4, 8,
16, 32, 64, 125, 250, 500, 1000, and 2000. The effect of the
small-particle surface coverage was verified for 6;=0 (refer-
ence curves for monodisperse particle system), 0.02, 0.04, and
0.08.

The numerical results of the computations were compared
with the analytical results stemming from the scaled-particle
theory, extended to interacting spheres in 3D. Specifically, we
used the formula for the available surface function in the low
surface-coverage limit

30+ y(y+ 20 (em + yesdﬂ

B =1 -6
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and its limiting form at 6; =0
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derived in Paper 1. The variables 6yq, 654, and y, appearing in
these equations, are defined as:

2 2
_ (4 _ (% _o%s
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where the effective hard-particle center-to-center distance pro-
jection lengths dij-‘ were calculated by application of the Barker-
Henderson or thermal-energy approximation to one of the RSA
models [1]. The formula used for the 2D RSA model and the
Barker-Henderson approximation was:

o
dij = ai/ {1 —exp[—Ejj(R)}dRy, 1,j=s,1, 12)
0

where Ry = \/(Xi — X2 + (Vi — ¥j? = /R — (1 - aj/ay)’
is the dimensionless actual particle center-to-center distance pro-
jection length.

On the other hand, using the thermal-energy approximation
we had

di = aiRy,  Ej(R}) =0.5. (13)

In the case of the 3D RSA model and the Barker-Henderson
approximation, we used the equation:

o
dij = ai / {1 —exp[—Ep(R)1}dRy, i,j=s5,1. (14)
0

In the high electrolyte-concentration limit, expressed usually
in terms of the large «xa; parameter, the electrostatic interaction
becomes weak, and the parameters di’; tend to the nonzero values
2, /aia;. Therefore, in this range of the xa;j parameter, a logarith-
mic plot of the functions dfjf(/cai) becomes unreadable. To avoid
this inconvenience, in what follows we present the effect of the
ka;j parameter on the effective particle size in terms of the dimen-
sionless effective minimum particle surface-to-surface distance,

2
h* d* a 2 a
meg=y(@) 0 ea e
1 1 1 1

expected to be roughly proportional to the electric double-layer
thickness.

The two older models, 2D and 3D RSA, were also exploited
in the computations to allow comparison with CT RSA predicted
results. It should be noted that at these particle sizes and density,
the gravitational force acting on the particle was below 0.03
kT/a; and therefore was neglected in our computations.

3.1. Effective minimum particle surface-to-surface distance

As discussed in Paper I, the effective minimum particle
surface-to-surface distance is a very important parameter, char-
acterizing the range of the particle—particle interaction. Quali-
tatively, the parameter can be defined as the average minimum
distance at which particles can adsorb at the interface. Quanti-
tatively, the parameter corresponds to the particle—particle dis-
tance at which the particle potential energy is on the order of the
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Fig. 1. Comparison of effective minimum distances between small and large
particle at a plane interface, calculated according to the 2D model in connection
with two effective hard-particle approximations. Solid lines depict the Barker-
Henderson approach, Eqs. (15) and (12), and dotted ones represent the thermal
energy approach, Egs. (15) and (13). The effective distances H;; correspond to
A=1(A),2=2(B), and 1 =4 (C).

thermal energy. The potential energy, and therefore the effec-
tive minimum particle—particle distance, depends strongly on
ionic strength of the electrolyte. The effect of ionic strength on
the effective minimum particle surface-to-surface distance was
studied by using the three models of adsorption and the two
approximations of the effective hard particle. Fig. 1 presents
the dependence of the normalized effective minimum distance
H}" = h{ /a) on the ka; parameter for three values of 1, as pre-
dicted by the 2D RS A model in connection with the two effective
hard-particle approximations. The results based on Eq. (12) (the
Barker-Henderson approach) and Eq. (13) (the thermal energy
approach) clearly demonstrate that both approaches give almost
identical results. As can be seen, the effect of A is minor even at
small values of ka;, which suggests that the interface has little
effect on particle adsorption, in line with the model’s assump-
tions. The weak effect of the particle—interface interaction can
also be deduced from the fact that the effective particle distances
correspond well to the thermal energy 0.5 kT in the whole range
of the parameter «a;. This value confirms the assumption of parti-
cle lateral equilibrium at the interface and results from neglecting
the fast, curvilinear particle transport in the thin layer adjacent to
the adsorption surface. In the presented range of the ka; param-
eter, the dependence Hf; (kay) is almost linear. The results are
limited to the range corresponding to kas > 4 to avoid inaccura-
cies resulting from many-body interactions.

The linearity is more obvious in Fig. 2, where the normalized
effective minimum distance Hg, = h} /as as afunction of the kas
parameter is depicted, as obtained from the linearized thermal-
energy approach, neglecting the preexponential term in Eq. (2).
According to this approach, the effective minimum distance,

107! 102 103
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Fig. 2. Comparison of effective minimum distances between two small particles
at a plane interface, calculated according to the 2D model in connection with two
effective hard-particle approximations. Solid lines depict the Barker-Henderson
approach, Egs. (15) and (12), and dotted ones represent the linearized thermal
energy approach, Eq. (16). The effective distances H; correspond to as = 500 nm
(A), ag=250nm (B), and a5 =125 nm (C).

corresponding to 0.5 kT particle—particle energy, is given by the
equation:

1 1 kT,
HS*S = TQS In (2862YS as> . (16)

As one can see, the effective minimum distance can be calculated
analytically and is proportional to the parameter Les = 1/kas.
Comparison of the linearized approach and the nonlinear Barker-
Henderson approximation shows that deviations of the function
H (kas) from linearity, as predicted from the 2D RSA model,
are small and can be observed just at the small xas. The plots
presented in Fig. 2 also demonstrate that the linearized thermal-
energy approach offers a good approximation of the effective
minimum particle surface-to-surface distance.

As discussed in Paper I, the perfect sink approximation
exploited in the 2D RSA model seems to be valid only in the case
of the large xa;. Modeling adsorption in a system characterized
by a larger interaction range, especially in a bimodal system,
requires another approach. That is demonstrated in the next two
figures, where the effect of ionic strength on the effective mini-
mum interparticle distance is presented in the monodisperse and
bimodal systems, using the 2D, 3D, and CT RSA models.

As can be seen in Fig. 3, in the case of monodisperse systems
at high ionic strength (xas > 30), both 2D and 3D models predict
almost identical effective minimum distances, corresponding to
the lateral interaction of about 0.5 k7. As discussed above, this
value results from neglecting the nonlinear particle transport
at the boundary layer. It should be kept in mind, however, that
assuming the rectilinear particle trajectories in the 3D model
could result in artificially lowering the effective interaction
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Fig. 3. Comparison of effective minimum distances between two small particles
at a plane interface, calculated according to the Barker-Henderson approxima-
tion in connection with three RSA models. Dotted lines depict the 2D model,
Eqgs. (15) and (12); dashed lines denote the 3D model, Egs. (15) and (14); and
solid ones represent the CT model, Eqs. (15) and (4). The effective distances
H; correspond to as =500 nm (A), as =250 nm (B), and a5 = 125 nm (C).

Ss

range. In fact, taking into consideration that at the energy
barrier

Fi =Fp

7)
Eis + Elp =Ey

(see Fig. 1a in Paper I) and exploiting the equations

1+ kaR
ks = TEISa

1-1/A+H
Fi = /TF]S, F=\/F;—Fi, (18)

where R=1+ 1/A + Hjs, one can find that the net force acting
on the large particle at the energy barrier Ej, is:

Flp = KalElpa

VR —(1—1/r+ HY?
YRR+ 1+ 1—1/A+ H

FH =Kcl1E

2/h+ Hs— H

~ kasExv/M. 19
2+ Hy + H sTo a9

~ ka1 Ey
The last formula was derived using inequalities xaiR>> 1,
2/A > His — H, and 2 > His+ H, which should be fulfilled in
our systems at kas > 4. Therefore, in monodisperse systems,
the net force at the energy barrier is of the order xasEy
in the kT/as units and rapidly increases when the particle
approaches the interface. Taking into account that the barrier
height corresponding to the effective particle distance is about
Ey, ~0.5, one can deduce that at xas> 10, the driving force

is much larger than the k7/as unit, which is characteristic
for thermal motion [5]. Therefore, Brownian motion can be

neglected in considering fast-particle transport through the thin
boundary layer at kags > 10. Consequently, the equilibrium value
of the interaction energy at the effective distance, as predicted
by the 2D and 3D models, seems to have no solid support
in theory.

On the other hand, in this range of xas the CT model
predicts larger effective distances corresponding to the weaker
particle—particle interaction. This prediction results from the
fact that at the very beginning of the particle trajectory, the
lateral, repulsive component of the net force F}; dominates and
moves the particle out of its quasi-equilibrium starting position.
Simultaneously, the attractive component F | , perpendicular to
the interface, increases rapidly and moves the particle toward
the surface. At condition kas > 10, however, the boundary-layer
thickness is much smaller than the particle radius; therefore,
the adsorbing particle cannot approach the adsorbed one
closely during the small displacement. As a result, the final
particle positions correspond to interactions weaker than the
thermal energy and to effective particle distances larger than
predicted by the 2D and 3D models. It should be noted that
at xas> 100, the differences between the CT and 2D or 3D
results become small in comparison with the particle size and
can be hard to detect experimentally. Thus, one can claim that
in the short interaction range, all the models offer a reasonable
accuracy.

At kas < 10 the net driving force at the energy barrier cor-
responding to the effective particle surface-to-surface distance
becomes comparable to the kT/as unit, and Brownian motion
may have some effect on particle adsorption. It should be noted,
however, that just in this range of xag the effective distances
correspond to the thermal energy, which suggests that the CT
model offers a quite reasonable approximation even at the inter-
action range comparable to the particle size, in spite of neglecting
Brownian motion. At this range of interactions, the effective
particle distances predicted with the CT model become smaller
than those predicted by the 2D model and correspond to the
lateral repulsion a few times stronger than the thermal energy.
This final position of the adsorbing particle results from the
thicker surface-force boundary layer. At the thicker layer, the
particle located at the effective energy barrier there is at a
relatively large distance from the interface. Also, the particle
center-to-center distance projection length R» is relatively small
in such a position. After a short distance, when the adsorb-
ing particle is mostly repulsed from its starting position, the
attractive force starts to dominate and directs the particle almost
perpendicularly to the interface. As a result, the adsorbing par-
ticle approaches the deposited particle closely, and the final
position can correspond to a relatively high particle—particle
potential.

As discussed above, the effective distance calculated with
the 2D model corresponds to the lateral interaction on the
order of thermal energy even at the smallest kag parameter,
when the boundary-layer thickness becomes comparable to the
particle dimension and one could expect the interface to have
a strong effect. That value of the effective distance suggests
overestimation of the results arising from the assumption of
the constant parameter o =0.5, appearing in the formula that
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Fig. 4. Comparison of effective minimum distances between small and large
particle at a plane interface, calculated according to the Barker-Henderson
approximation in connection with three RSA models. Dotted lines depict the
2D model, Egs. (15) and (12); dashed lines denote the 3D model, Egs. (15) and
(14); and solid ones represent the CT model, Egs. (15) and (4). The effective
distances Hj; correspond to A =1 (A), =2 (B), and 1 =4 (C).

defines the electrostatic interaction in the 2D RSA model—see
Eq. (3) in Paper I. The results obtained with the 3D model, on
the other hand, corresponding to a lateral repulsion a few times
stronger than k7, are evidently underestimated because of the
assumption of the rectilinear particle trajectory.

The effect of the xa; parameter on the effective minimum
particle surface-to-surface distance Hy} in the bimodal systems
is presented in Fig. 4. As discussed above, the 2D RSA model
predicts the interface to have little effect on particle adsorption
even at low ionic strength. On the other hand, the effect is evident
in the cases of the 3D and CT models in the whole range of xa;.
In agreement with intuition, the large particle can be deposited
next to the small one even at a lateral repulsion on the order of
10 kT, as predicted by the CT model. This behavior results from
the strong attraction of the large particle to the interface, which
partially compensates the repulsion exerted by the small parti-
cle. On the other hand, the effective distances calculated with
the 3D model correspond to the lateral interaction, which is one
to several orders of magnitude stronger than the thermal energy.
Therefore, the rectilinear trajectory assumption in the 3D model
does not seem reasonable, driving us to the conclusion that the
CT RSA model offers the best description of colloid-particle
adsorption. It should be noted that Hi}k obtained from the CT
RSA model refers to the final position of the adsorbing particle
and thus conveys the information about the monolayer structure.
On the other hand, H-U* calculated from the 3D RSA model cor-
responds to the available surface function, almost identical for
both 3D and CT processes, and so allows kinetic characteriza-
tion of the systems. This capability is discussed in more detail
in the next section.

10° #wsgger T
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Fig. 5. Comparison of the available surface functions B;(6;) computed with three
RSA models for the particle size ratio A =2, parameter kaj =8, and two values
of the small particle surface coverage: 0 =0 (filled symbols, reference curve)
and 65, =0.08 (open symbols). Triangles, diamonds, and circles correspond to
2D, 3D, and CT model predicted results, respectively, calculated with Eq. (7).

3.2. Available surface function

Comparison of the available surface functions derived from
the 2D, 3D, and CT RSA models and computed for the param-
eters A =2 and ka; =8 is presented in Fig. 5. The functions,
calculated according to Eq. (8), refer to the parameter 65 =0 (ref-
erence curve) and 65 = 0.08. In agreement with intuition, both 3D
and CT models give identical results at 85 =0 and low surface
coverage of the large particle, which results from the similar
construction of the algorithms. A small difference suggesting
different monolayer structures becomes visible at 6; =0.15. The
difference grows with an increase of the surface coverage, so
one could expect somewhat different jamming limits. As one
can see, the available surface functions are always larger than
their 2D counterparts, although the differences are very small
at low surface coverage. This difference results from the fact
that, unlike the 2D model, the 3D and CT models estimate the
adsorption probability by taking into account the value of the
particle potential calculated at some distance from the inter-
face and therefore at larger particle—particle distance. Moreover,
the interparticle repulsion is partially neutralized because of the
attraction to the interface. The 2D model neglects the 3D effects.
Therefore, it seems that application of the 2D model is limited to
the monodisperse systems and low-to-medium surface coverage
or high ionic strength (kas > 100). On the contrary, the 3D model
seems suitable for computing the kinetic aspects of adsorption
in the full range of the «xa; parameters.

A similar behavior of the available surface functions may be
observed at 65 =0.08. Because of the different structures of the
small particle layers, however, a small difference between the
3D and CT models is visible at the low surface coverage 6 as
well. Also, the difference between the predicted available surface
functions for the 2D and 3D models is much larger in the bimodal
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Fig. 6. Variation of the initial adsorption flux B? with the parameter ka; predicted
by the model CT, Eq. (7). Open and filled symbols correspond to the small-
particle surface coverage 6, =0.02 and 65 =0.08, respectively. The particle size
ratio equals A =1 (circles), A =2 (squares), and A =4 (triangles).

system and reaches three orders of magnitude. This discrepancy
suggests that unlike the 3D model, the 2D one is useless in the
case of bimodal systems. This conclusion is consistent with the
experimental results published in Ref. [6]. Although the authors
of Ref. [6] suggested that the reduced blocking effect observed
during deposition on the precovered surface could result from
the small-colloid-particle charge migration at the mica surface,
in view of the results presented here we can explain the observed
effect as being based on the reduction of the different-size par-
ticles’ repulsion at the charged adsorption surface.

The result, which can be considered as an aspect of the reverse
salt effect [7], consisted in the enhancement of the particle
deposition rate under attractive double-layer forces and experi-
mentally proved at the end of the 1980s, is more evident in Fig. 6.
The figure presents the initial deposition flux B? as a function
of the ka; parameter, calculated according to the CT model for
0s=0.02 and 0.08, at L =1, 2, and 4. At the hard-particle limit
(xa; =2000), the results are in agreement with the limiting form
of the available surface function at low surface coverage [1], 1.e.,

Bl =1 — 400, (20)

apart from the two lowest curves corresponding to A =2 and 4
at 6, =0.08, when 446 > 0.5 and the assumption of low surface
coverage does not apply anymore. In the long-interaction-range
limit, on the other hand, the available surface function behavior
depends on the A parameter and is consistent with the depen-
dences Hy(kay), discussed above. At A=1, when H} is on
the order of one, the available surface functions monotonically
and relatively quickly decrease with «xaj, which means that the
particle—interface attraction has a minor effect on the surface
blocking. At A =2, when Hj! reaches few tenths, the large particle
can be adsorbed at a much shorter distance from the small sphere,
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Fig. 7. Variation of the initial adsorption flux B? with the small-particle surface
coverage 05 for the particle size ratio A =1 (circles), A =2 (squares), and L =4
(triangles). Solid and dash-dot-dot lines denote results obtained in numerical
simulations, Eq. (7), and using the scaled-particle theory equilibrium approach,
Eq. (10), respectively.

and so the blocking effect is reduced by the stronger particle-
surface attraction. Indeed, the corresponding available surface
functions’ slopes are smaller than those when A = 1, which con-
firms the statement. Finally, at A=4 one can observe that B?
changes very little with ka;, which means that the interparti-
cle repulsion is neutralized by the attraction to the interface. As
a matter of fact, the corresponding Hf; is below 0.09, which
confirms the weak blocking effect. Moreover, the value of B?
computed at A =4, 03 =0.02, and xa; = 16, is larger than the cor-
responding hard-particle limit. This fact means that, because of
attraction to the interface, the particle can be adsorbed even if
at the starting position it is located partially behind the small
particle at Ry < 2/+/A, which would be impossible in a hard-
particle system. One should also note that the effect of attraction
to the interface is smaller at the higher coverage 65, what results
from the enhanced repulsion exerted by the larger number of the
smaller particles.

The effect of the small-particle surface coverage and particle
size ratio on the Bl0 available surface function is investigated
in Fig. 7. Both CT-model and equilibrium results — Eq. (10) —
are presented there for ka;=16 and A =1 (reference system),
2, and 4. The results computed using the two models are essen-
tially identical in the low surface-coverage limit, which confirms
the robustness of the software used for simulations. At higher
coverage, however, the equilibrium available surface functions
achieve larger values, and the differences increase with the cov-
erage 6. The available surface functions rapidly decrease with
an increase in the A parameter, which suggests that the presence
of smaller (invisible) particles at the interface can result in a
strong reduction of the adsorption flux. This surface poisoning
effect should be experimentally detectable by a measurement of
the large-particle initial adsorption flux.
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However, a quantitative determination of the surface cov-
erage of these particles becomes possible only by considering
the coupling between the surface-layer transport (described by
the function B?) and the bulk transport (governed by convective
diffusion of particles). According to the surface-force boundary-
layer approximation [8], the actual initial particle flux jl0 in this
case is governed by the generalized blocking function

0 0
BO(BQ) _ N _ KBl (0s)
P00 T (k- DBY6)

21

where j{) 0 is the initial adsorption flux to the homogeneous sur-
face (at 05 =0) and K = ka/ky, k, is the kinetic adsorption constant
given by the equation:

H, / —1
ky = {al/ ' eXpk"slp(H)]dH’} , (22)

Hpw  Di(H')

where Hp, and Hpy; are the dimensionless thickness of the
adsorbed small-particle layer and the primary minimum dis-
tance, respectively; ¢y, is the particle-interface potential; Dy
the position-dependent diffusion coefficient of the large parti-
cle; H = H+ Hpy; and ky, the bulk mass-transfer rate. This rate
can be calculated analytically or numerically for the stationary
transport to uniformly accessible surfaces such as arotating disk,
impinging jet cells, etc. [9,10].

Expressing the diffusion coefficient as Di(H') = D{°H’/
(H' + 1) [11] and assuming the CT model of the electrostatic
interaction, we can substitute ¢, =Ey, and H ~ 2/A + Hg*,
where Hl(;* = hﬁ* /ay is the effective dimensionless minimum
particle surface-to-surface distance calculated for the isolated
system of the small and large particles, located far from the
interface. Then k, can be evaluated explicitly to give:

~1
2/A 4+ H>* 2
Sh <ln g +24 ng* _ Hf;)] ’ 23)

K =
H}; A

where Sh = kya)/Di° is the dimensionless mass-transfer
Sherwood number, and Hf; = h?‘p /ar is the dimensionless
particle—interface gap width corresponding to Elp(hi"p) = —0.5.
On the other hand, the perfect sink approximation exploited in
the 2D model gives:

3 H 2\
K = [Sh (1nH+)] . 24

PM A

As can be deduced from Eq. (21), the large particle flux (nor-
malized to the flux for an uncovered surface) depends on two
unknown parameters only,

jO
o5 = (. 69), (25)
N

which suggests that by experimental measurements of j? / j{) 0
for various large-particle sizes, we can determine both coverage
05 and radius as of the small particle using a nonlinear fitting
procedure.

Experimental data presented in Fig. 8, obtained for latex par-
ticles [12], confirm the validity of the above model, as well as

1

0.1 F

.00
Ji /]/

.0

0.01

0.001 IH‘uJu‘\l‘ull‘\‘:'xI‘ L
0.00 005 0.10 0.15 020 025 0.30

(7

s

Fig. 8. Comparison of theoretical and experimental normalized initial adsorp-
tion fluxes as a function of the small-particle surface coverage ;. Open symbols
(triangles and squares) depict two series of experiments. The solid and dotted
lines denote results derived from the surface force boundary layer approxima-
tion, Eq. (21), exploiting the B?(QS) functions calculated numerically with the
CT and 2D model, respectively, Eq. (7). See more details in the text.

the CT approach, for predicting the adsorption flux of larger
particles at precovered surfaces. The experiments were con-
ducted using the circular impinging jet cell and particles of 0.68
and 1.48 micron in diameter at /=10"*M and the Reynolds
number Re=4. The dimensionless parameters were A=2.2
and xa; =24.55. The surface potentials g =v1=—50mV and
Y¥p=50mV were assumed in the computer simulation, accord-
ing to the experimental conditions, which gave the effective dis-
tances H* = 0.305 and Hyj, = 0.360. The Sherwood number
obtained by the numerical solution of the convective diffusion
equation was Sh=0.0822. Based on Eq. (23), we can calculate
K=5.88.

The theoretical curve plotted in Fig. 8 is a good approximation
of the experimental results in the whole range of the coverage 6;.
The only large discrepancy (one order of magnitude) between
the observed and calculated value of the initial flux appears at
05 =0.27, which can be explained by considering small-particle
size polydispersity. As estimated later on, the maximum cover-
age of the small particle is about 0.34, and so the 65 should be
considered high. At high surface concentration, however, parti-
cle size polydispersity plays a significant role. As demonstrated
in Ref. [13], assuming the constant particle diameter at a size
polydispersity of 10% results in a 10% overestimating of the
actual maximum surface coverage. Therefore, one could expect
that the actual 6 is about 0.25; the experimental result then
agrees well with theory.

On the contrary, the curve predicted by the 2D model and
calculated for K=2.5, according to Refs. [8,14], underestimates
the experimental results at 65 > 0.2 by one order of magnitude and
more, which results from overestimating the blocking effect, as
discussed above. A reasonably good agreement of the 2D model
and the experimental results at the low surface coverage may be
aconsequence of the fact that in this regime, the overall transport
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Fig. 9. Comparison of the available surface function B(6)) calculated using the
CT model — solid lines, Eq. (7) — and the equilibrium scaled-particle theory —
dash-dot-dot lines, Eq. (9) — for the particle size ratio A =2 and the parameter
ka) =8. Open symbols denote different values of the small-particle surface cov-
erage: 05 =0 (reference curve, circles), 6, =0.02 (squares), 6; =0.04 (triangles
up), 6, =0.08 (triangles down).

rate is determined mostly by convective diffusion because of a
relatively small exclusion effect; thus, the inaccuracy introduced
by the function B? is minor.

Fig. 9 presents the available surface functions Bj(f]) com-
puted for our model systems. The functions were calculated
using the CT RSA model and the equilibrium Eq. (9) for the
bimodal systems characterized by the parameters A=2 and
ka) =8 at four different values of the coverage: 65 =0 (reference
curve), 0.02, 0.04, and 0.08. Based on the plots, conclusions
similar to those found in Fig. 7 can be drawn. As one can
see, both approaches give the same results within the limits
of low surface coverage 65 and 6;. In the case of 63=0.08,
however, the difference between both curves is evident even
at 6;=0. This difference results from the fact that the effec-
tive coverage corresponding to the system of the small particles
is about 0.15, as can be estimated based on results obtained
with the 3D model and presented in Fig. 3. In a similar way,
one can estimate the effective size and coverage correspond-
ing to the other curves. Therefore, we conclude that electro-
static interaction can significantly increase blocking effects
in bimodal systems, especially at small A and high surface
coverage.

3.3. Maximum surface coverage

As with available surface functions, the maximum surface
coverage that determines monolayer capacity is of great practi-
cal interest. As demonstrated in a number of earlier studies, the
quantity depends very much on ionic strength. However, quan-
titative estimations of the dependence, published in scientific
papers, are not consistent and change with the model of adsorp-
tion used in simulations or with the experimental procedure. The
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Fig. 10. Effect of the xa; parameter on the maximum surface coverage Omy
predicted by three RSA models: 2D (dotted lines), 3D (dashed lines), and CT
(solid lines) at the particle size ratio A =2. Circles, squares and triangles corre-
spond to the small-particle surface coverage 65 =0.02, 65 =0.04, and 65 =0.08,
respectively.

results stemming from the 2D, 3D, and CT models are compared
in Fig. 10. They were obtained for the parameter A =2 at three
values of the small-particle coverage: 65 =0.02, 0.04, and 0.08.
As mentioned earlier, the computations were conducted for a
few values of the parameter xa; and stopped after the dimen-
sionless time 7 = 10*. The reported values of O, correspond to
that time.

At high ionic strength, corresponding to the large parameter
kay, all the models predict the same values of the maximum cov-
erage, in agreement with intuition. This is the hard-particle limit.
At the range of the low kaj parameter, however, the results can
be distinguished. Again, the plots obtained with the 3D and CT
models are similar, whereas the 2D predicted results are much
lower, which results from the overestimated blocking effects.
Therefore, one can conclude that unlike the 2D model, the 3D
model gives a reasonably good approximation of the maximum
surface coverage at a lower computational cost, when compared
with the CT model. The results are somewhat overestimated
because of the assumption of the rectilinear particle trajectory,
which can result in slightly higher coverage 0,x. The maximum
coverage 6k decreases with ionic strength and with an increase
of the small-particle coverage 6.

The last conclusion can be drawn based on Fig. 11, as well.
The results presented there were obtained using the CT model
for two values of the coverage — 63 =0.02 and 0.08 — and for
three values of the parameter A — 1, 2, and 4. As one may see, in
the presented range of xaj the effect of the parameter A on the
maximum surface coverage decreases with ka;. The trend is con-
sistent with the decrease of the effective particle size ratio A" at
lower ionic strength, as described in Paper 1. It is clear, however,
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Fig. 11. Effect of the xa; parameter on the maximum surface coverage Op,x pre-
dicted by the CT model for three values of the particle size ratio: A =1 (circles),
A =2 (triangles up), and A =4 (triangles down). Open and filled symbols denote
results obtained at the small-particle surface coverage 65 =0.02 and 65 =0.08,
respectively.

that the lowering of the effective size ratio does not explain why
the plotted curves cross over one another. Obviously, at high
ionic strength, when the particles can be considered hard, the
maximum coverage decreases with increase of A, as discussed
in Ref. [15]. The opposite effect should be detectable at low
ionic strength. It seems to result from the interplay between the
particle—particle repulsion and the particle—interface attraction,
as discussed above. At sufficiently low electrolyte concentra-
tions, the smaller particles, corresponding to the larger A, allow
more-efficient interception of the large particle because of the
rolling mechanism.

3.4. Pair-correlation function

Electrolyte ionic strength has a great impact not only on the
kinetic aspects of large-particle adsorption but on controlling
the formed monolayer structure, as well. As was demonstrated
above, lowering the ka; parameter results in a significant
increase of the effective minimum particle surface-to-surface
distance, which affects the pair-correlation function. In a real
system, the function can be determined using experimental
techniques. Therefore, by manipulating ionic strength one can
easily verify a particle-deposition model in respect to both kinet-
ics and structure. In actuality, the experimental determination
of the correlation function is a difficult task because of the large
number of particles needed to eliminate fluctuations and obtain
a reasonably smooth curve. Moreover, some of the methods,
like optical microscopy, have limited accuracy because of low
image resolution, rarely exceeding a few tens of pixels per
particle diameter. The effect of image resolution on gi(R) is
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Fig. 12. Effectof picture resolution on the pair-correlation function. Open circles
connected with a solid line represent the results obtained for the continuum
particle coordinates (in the computer accuracy), and filled circles denote the
values derived from the rounded-off particle coordinates (resolution of 10 pixels
per particle diameter). Both functions are based on the same data obtained in the
classical hard sphere RSA simulation. The number of particles used to compute
the functions gj(R) is 2200, and the surface coverage 6; =0.536.

demonstrated in Fig. 12, where the pair-correlation function
calculated for the hard particle monolayer close to jamming
is compared with its counterpart obtained from the same
simulation data at image resolution assumed to be 10 pixels per
particle diameter. Note that rounding off the particle coordinates
results in a significant change of the function profile, first of all
in lowering of the primary maximum. The difficulties, however,
are technical in nature and can be overcome with the further
development of the experimental technique and electronics.

To begin with, Fig. 13 presents a comparison of the pair-
correlation functions of the monodisperse system computed
for the 2D, 3D, and CT models according to Eq. (8) for the
following parameters: a;=500nm, ka; =10, and 6;=0.25. As
one can see, the primary peaks are located at R, =rp/a;=2.9,
2.7, and 2.85, as predicted by the 2D, 3D, and CT models,
respectively. The positions correspond well to the effective
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Fig. 13. Comparison of radial distribution functions g(R) calculated using Eq.
(8), based on simulation data obtained with three RSA models: 2D (circles), 3D
(triangles up), and CT (triangles down). The results refer to the monodisperse
system (65 = 0) at the parameter xa; = 10 and the large-particle surface coverage
6,=0.25.
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Fig. 14. Comparison of radial distribution functions g|(R) calculated using Eq.
(8), based on simulation data obtained with three RSA models: 2D (circles), 3D
(triangles up), and CT (triangles down). The results refer to the bimodal system
at the particle size ratio A =4, small and large-particle surface coverage 65 = 0.08
and 0 =0.146, and the parameter xa; = 16.

minimum particle surface-to-surface distances, as presented
in Fig. 11, and are equal to 2.65, 2.5, and 2.7, respectively.
Assuming that the effective hard-particle radius equals half of
the effective minimum distance, af = 0.5Aj;, all the peaks are
located in the interval r,/af € (2.1;2.2), which agrees with the
hard-particle result. The high maximum evident in the figure,
obtained with the CT model, results from including the rolling
effect in the model. In agreement with the algorithm and the
available surface functions presented above, the correlation
function computed with the 3D model is shifted toward the
smaller interparticle distance, corresponding to the stronger
lateral repulsion. At the particle—particle distance larger than
three particle radii, both 3D and CT models give very similar
results. All the three functions are basically indistinguishable at
the distance larger than four radii, predicting the same position
of the shallow minimum at R=4.8.

The plots depicted in Fig. 14 were computed using the three
models at the following parameters of the bimodal system:
A=4, ka=16, 63=0.08, and 6, =0.146. The primary maxima
obtained for higher ionic strength are located at the smaller dis-
tances Ry =2.45, 2.55, and 2.57 according to the 2D, 3D, and
CT models, respectively. The corresponding effective minimum
distances are equal to 2.42, 2.38, and 2.5 and comply with the
peaks’ position. The shift of the primary maximum toward the
shorter interparticle distance, as well as the appearance of the
secondary peak of the correlation function, demonstrates that
the system computed with the 2D model is in the range of the
high surface coverage achieved at a relatively long adsorption
time. Again, this effect is a consequence of the stronger blocking
effects in the model, resulting in the lower maximum coverage.
One should note that the secondary maximum is located just one
particle radius from the primary maximum, which suggests that
its appearance is caused by the presence of the small particles. As
in the monodisperse system, the CT model predicts a relatively
high and sharp primary maximum, reflecting the particle-rolling
effect. The 3D correlation function is shifted toward the smaller
distance because it neglects that effect. The distance at which

4

>

()
T

Fig. 15. Radial distribution functions g|(R) calculated using Eq. (8), based on
data derived from CT simulations for the particle size ratio A =1 (circles), A =2
(triangles up), and A =4 (triangles down). The curves were computed at the
small-particle surface coverage 65 =0.08 and the parameter «a; = 16, close to
jamming (7 = 10%).

both functions can be considered identical is shorter than it was
in the case of the monodisperse systems and corresponds to the
shorter effective minimum particle surface-to-surface distance
at higher ionic strength.

The pair-correlation functions appearing in Fig. 15 demon-
strate the effect of particle size ratio as predicted by the model
CT RSA at xka; =16, 05=0.08, and 6| =6 x. In agreement with
intuition, the g function maximum position at R =2.5 does not
depend on A and corresponds very well to the effective min-
imum particle distance. On the other hand, the peak height
evidently decreases with an increase of the A parameter. This can
result from the fact that the tinier particles, more dispersed over
the adsorption surface, cause larger irregularities in the large-
particle structure. A very low secondary peak can be observed
for A =2 at the distance R=3.5, as can the heightened values
of the correlation function corresponding to A =4 at the dis-
tance R=3. As discussed above, the position of the deviations
from the monodisperse functions suggests that their appearing
is caused by the preadsorbed small particles. On the contrary,
the correlation function obtained for A =1, with the secondary
maximum located at a distance two times larger than the pri-
mary one, seems to be indistinguishable from its monodisperse
counterpart.

The effect of ionic strength on correlation functions is pre-
sented in Fig. 16. The functions were computed for the parame-
ters A =4, 05 =0.08, and 6] = O« at three values of the parameter
kay: 16, 32, and 64, using the CT model. The primary maxima
are located at R=2.5, 2.3, and 2.15, respectively, and comply
with the effective minimum distance depicted in Fig. 11. The
peaks corresponding to the smaller parameter ka; are lower and
more diffused, in agreement with intuition. The heightened val-
ues of the correlation functions to the right of the peaks suggest
an effect caused by the smaller, preadsorbed particles. Based
on the figure, one may draw a more general conclusion that
the presence of smaller particles at the adsorption surface can
be manifested by an increase of the correlation function at the
distance of about R = Ry, + 2d,}/a), where Ry, is the primary
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Fig. 16. Radial distribution functions gj(R) calculated using Eq. (8), based on
data derived from CT simulations for the particle size ratio A =4 at three values
of the parameter «a; =16 (circles), ka; =32 (triangles up), and xa; =64 (trian-
gles down). The curves were computed at the small-particle surface coverage
05 =0.08, close to jamming (7] = 104).

peak location. The effect becomes significant, however, at the
higher coverage 6.

4. Conclusion

The analysis of the computational results obtained with the
extended RSA models clearly suggests that these models are
suitable for quantitative studies of adsorption on precovered
surfaces in terms of the effective minimum particle surface-to-
surface distance, available surface function, correlation function,
and maximum coverage. In connection with the surface-force
boundary-layer approximation, the models allow determination
of the adsorption kinetics as well.

The simplest version of the model allowing the soft
interaction is the 2D RSA model, which assumes the per-
fect sink particle-surface interaction and considers just the
lateral particle—particle interaction. Consequently, this model
overestimates the blocking effect and predicts the quasi-
equilibrium pair-correlation function. Therefore, application
of this model seems to be restricted to monodisperse systems
and low surface coverage, as well as for systems where the
particle/adsorption—surface interaction is very short ranged.
The more sophisticated model, 3D RSA, which considers the
electrostatic interaction particle—interface, adequately describes
the kinetic aspects of adsorption in the full range of the «a;
parameter (ka; >4). However, because the rectilinear particle
trajectory is assumed, this model does not predict the correct
correlation function, especially at high surface coverage. It
seems that at present the best tool for studying the kinetic and
structural aspects of adsorption is the CT RSA model, which
includes the electrostatic particle—interface interaction and
considers the curvilinear particle trajectory at a relatively low
computational cost.

Results of computation suggest that the effect of electrostatic
interaction on particle deposition at precovered surfaces depends
substantially on ionic strength, the particle size ratio and surface
coverage. At small-to-medium interaction range (ka; > 10) with

asmall A parameter and medium-to-high surface coverage, when
the interparticle repulsion dominates over the particle—interface
attraction, electrostatic interaction effectively enhances the sur-
face blocking effect. In the case of ka; < 10 and a large particle
size asymmetry, however, the computations suggest domination
of the attraction to the adsorption surface, which can result in
a diminishing of the blocking effect, even in comparison with
hard-particle systems. The effect is particularly noticeable at low
surface coverage.

Application of the effective hard-particle concept allows
extension of the scaled-particle theory for bimodal systems of
soft particles. The derived analytical formulae for the available
surface function are a good approximation of the numerical
results in the range of low surface coverage.

The presence of small particles at the adsorption surface can
be detected not only by measuring the adsorption flux or maxi-
mum coverage but also by determining the large-particle radial
correlation function that becomes higher at the separation dis-
tance corresponding to two effective large particles with one
small particle in between. In the case of the large coverage 0}, a
low secondary peak can even appear to the right of the primary
maximum.
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