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Abstract

We discuss the existing 2D and 3D random sequential adsorption (RSA) models and demonstrate that some of the assumptions used in these
models can lead to incorrect results. Specifically, neglecting the particle—surface interaction at a distance from the adsorption surface in the 2D
model can result in overestimating the surface blocking effect, while the assumption of the rectilinear particle trajectory in the model 3D can lead
to inaccurate pair correlation functions. Next, we propose a new RSA approach that overcomes these shortcomings of the 2D and 3D models
and allows modeling soft colloidal particle deposition (irreversible adsorption) on surfaces precovered with smaller particles. This approximate
model allowing electrostatic interaction of colloid particles at a charged interface employs a many-body superposition approximation and considers
adsorbing particle curvilinear trajectory in the thin electrolyte layer adjacent to the interface. Finally, we derive approximate analytical expressions
for the available surface function of the adsorbing particle in the limit of low surface coverage, applying the 2D scaled-particle theory with a

modification for the sphere geometry and electrostatic interaction.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The adsorption and deposition (irreversible adsorption)
of colloids and bioparticles at solid/liquid interfaces are of
great significance in many natural and practical processes
such as water and wastewater filtration, membrane filtra-
tion, papermaking, flotation, protein and cell separation,
enzyme immobilization, membrane biofouling, and artifi-
cial organ transplant. Often in these processes, especially
in filtration, polydisperse suspensions or mixtures appear,
e.g., colloid/polymer, colloid/macroscopic particle, or pro-
tein/surfactant. As a result of their higher diffusivity, the
smaller components of the mixture will adsorb preferentially
at the interface, forming a layer that may prohibit consecutive
deposition of larger particles. This effect leads to a considerable
decrease in the kinetics of larger-particle accumulation at the
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interface, as reported in the literature [1-3]. Similar problems
often appear in model experiments concerned with protein or
colloid—particle adsorption when the usual substrate cleaning
procedure may produce a nanosized contaminant layer difficult
to detect by conventional means. In respect to both charge
distribution and geometry, formation of such a layer will
produce surface heterogeneity, which is expected to influence
the kinetics and maximum coverage of the adsorption experi-
ments. Thus, modeling of adsorption phenomena at precovered
surfaces seems an important and challenging task that can be
accomplished using a variety of approaches. Among them, the
random sequential adsorption (RSA) approach seems to be the
most suitable one because of its simplicity and efficiency.

The classical RSA model considers a sequence of trials of
particle adsorption on a homogeneous interface [4-6]. Once
an empty surface element is found, the particle is perma-
nently fixed, with no consecutive motion allowed. Otherwise,
the virtual particle is rejected and a next-addition attempt is
undertaken. Since the 1980s a number of extended RSA mod-
els have been developed that include the effects of particle
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shape [7—11], Brownian motion [12—15], external force [16—19],
particle—particle [20-22] and particle—interface [23] electro-
static interaction, colloid—particle polydispersity [24-26], and
surface heterogeneity [27-30]. The results based on RSA sim-
ulations allow us to predict particle monolayer structure and
the jamming coverage of particles. One may use the model to
predict particle-adsorption kinetics as well, although depending
on the particle-transport mechanism, an appropriate analysis of
real adsorption problems can require inclusion of a correction for
bulk transport or the hydrodynamic scattering effect [31]. Thus,
RSA modeling can be a powerful tool in the study of irreversible
adsorption of macromolecules, proteins, and colloid particles.

As discussed in this paper, however, both 2D and 3D RSA
models that consider the effects of electrostatic interaction,
often exploited for the interpretation of experimental results, are
greatly simplified, and their application to bimodal systems can
result in incorrect predictions. Therefore, the goal of this paper
is to propose a new, more realistic adsorption approach. After a
short discussion of the two existing models, we present the new
curvilinear trajectory (CT) RSA approach of particle adsorption
that includes the electrostatic interaction at the adsorption sur-
face. We also derive approximate analytical expressions for the
available surface function of the adsorbing particle in the limit
of low surface coverage, applying the 2D scaled-particle theory
with a modification for the sphere geometry and electrostatic
interaction.

2. General considerations

We will describe particle deposition at heterogeneous sur-
faces using the two-stage RSA model exploited in our earlier
studies [3,27,28,32,33], extended by including particle energy
considerations as described later on. First, the heterogeneous
surface is produced by covering a homogeneous interface with
N, small spherical particles of radius a,. (In what follows, the
subscripts s and [ will always refer to small and large particles,
respectively.) Then, adsorption of the larger particles (having a
radius a;) at such prepared random surface can be simulated. At
both stages the number of adsorbed particles can be expressed
in terms of dimensionless surface coverage defined as:

Jml2 N;
r S ’
where S is the geometrical area of the interface.

The particle adsorption probability B; called available sur-
face function or blocking parameter, can be calculated for a given
coverage 0, and 6; using the method of Schaaf and Talbot [5] by
exploiting the definition:
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where N9, and NO .. are the overall and successful number of

adsorption attempts, respectively, performed at fixed 65 and 6;.
Obviously, at both deposition stages the particle—particle

interaction and particle—interface interaction play a crucial role,

influencing the kinetic and structural aspects of adsorption.

Unfortunately, an exact determination of the interaction energy
between particles near the adsorption surface in a general case
seems prohibitive because of the inherent many-body problem.
However, as demonstrated in Ref. [23], in the case of short-
ranged interactions and not very low surface potentials, the
van der Waals attraction is negligible, and the superposition
approximation of the electrostatic interaction offers satisfactory
accuracy of the total particle potential at the collector surface.
Even with this simplification, including electrostatic interac-
tion in the RSA model of adsorption at precovered surfaces is
not an easy task. It should be remembered that RSA simula-
tions exploit a Monte Carlo technique, which is strictly suitable
for systems at equilibrium. Extending the technique to model
transport-related or irreversible phenomena should carefully be
considered to avoid unrealistic or unreasonable results. In the
following sections, we discuss the three extended RSA models
including electrostatic interaction. In what follows we assume
constant potentials on all surfaces.

3. 2D model

Historically, the first model of RSA allowing electrostatic
interaction among colloid particles was proposed by Adamczyk
et al. [20] and is known as the 2D RSA model. This model
neglects the particle transport from the bulk, assumes the perfect
sink particle—interface interaction, and adopts the Monte Carlo
method of calculating the adsorption probability. It exploits the
Boltzmann distribution for the interparticle potential and takes
into account only the lateral electrostatic interaction force. The
interaction energy is calculated according to the linear superpo-
sition approximation (LSA) [34], with a dimensionless coeffi-
cient o accounting for the interface effect on the particle—particle
lateral interaction, which is expected to be on the order of 0.5.
Physically, this means that in the 2D model, the lateral repulsion
of adsorbing particles is decreased by a half because of the over-
lapping of the particles’ electric double layers and the double
layer originating from the adsorption surface. For two spheri-
cal particles with radii a; and a;, separated by the gap width
H1 =hi/a;, expressed in particle radii a;, the repulsive energy in
the kT units is equal to:
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where ¢ is the dielectric constant of the medium, e the electron
charge, k! = \/ 103 ekT/(87e2IN ) the Debye length in cm,
I the electrolyte ionic strength expressed in mol/dm?, N4 Avo-
gadro’s number, and Y; and Y} are the effective surface potentials
of the particles given by the following equation [35]:
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where ¥, = ¥, (e/ kT) is the dimensionless surface potential of
the particle m, and v, its surface potential. The total adsorbing
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particle potential is calculated using the additivity principle for
the pair interactions. In this paper we always use i =/ in case of
i#]j.

Obviously, in the case of a very thin electric double layer,
o =1, while for xa; <10, it is reasonable to expect a < 0.5 (see
Appendix A). Thus, « can be considered a fitting parameter,
allowing for some kind of correction for the surface interaction.
As discussed in Ref. [20], in the case of monodisperse systems
and thin double layers, calculating the exact value of « is not
crucial, because the interparticle potential used in the model is
determined mostly by the exponential term appearing in Eq. (3).

Another situation arises when the particles are asymmetric
in size, as plotted in Fig. 1. Then, even at a thin double layer,
the adsorbing particle attraction to the interface can result in
a strong decrease of the particle—particle repulsion force. This
is especially the case when the repulsion and attraction forces
become comparable at some distance from the interface and so at
a larger interparticle distance. Consequently, the barrier to par-

(b)

(©)

Fig. 1. Schematic representations of interaction forces acting on a large particle
approaching a homogeneous interface next to a small particle: (a) 1 and F,
become comparable at some distance from the interface, the net force F, equals
Fy (b) F1 and Fj, become comparable very close to the interface, the net force
Fp equals Fy, (c) the net force F. equals Fy, according to the perfect sink
model. Fis and Fyp, are the electrostatic particle—particle and particle—interface
forces, respectively. Fj; and F; denote the Fis vector compounds parallel and
perpendicular to the interface, respectively. Note that unlike F,, the F}, force
value is reasonably well approximated by F.

ticle adsorption in such a system is relatively low, as discussed
later on. Therefore, the 2D RSA model seems to be a reasonable
approximation in a system where the attractive (driving) force
can be considered to be much smaller than the repulsive
particle—particle force, even close to the adsorption surface, and
thus corresponds to the perfect sink model. This condition is
fulfilled to a reasonable extent in the case of a very low surface
potential of the interface, although the problem of particle
surface diffusion or adsorption reversibility can arise in such a
system. If the condition is not obeyed, however, one may expect
that the surface-blocking effects predicted for adsorption on pre-
covered surfaces using the 2D RS A model can be overestimated.

4. 3D model

The second RSA approach that allows electrostatic interac-
tion, called the 3D RSA model, was proposed by Oberholzer
et al. [23] and then extended to bimodal systems by Weroriski
[33]. Unlike the 2D model, this approach considers the particle
transport from the bulk, assuming that neither electrostatic inter-
action nor Brownian motion causes a shift in the lateral position
of the adsorbing particle as it moves toward the collector surface.
During this motion, the total particle potential can be calculated
according to the formula:

Ei(H) =Y Eij(Hp)+ Eyp(H), i,j=1,s, )

m=1

where H=h/a is the particle—interface gap width expressed in
particle radii a;, n the number of the small and large particles
attached to the collector surface in the vicinity of the adsorbing
particle, H,, the minimum surface-to-surface distance between
the moving particle and the deposited particle m, Ej; the electro-
static (repulsive) interaction energy between them, and Ej, the
electrostatic (attractive) interaction energy between the particle
and the collector surface. The repulsive particle—particle interac-
tion can be calculated using Eq. (3), derived from the LSA with
a =1, and the attractive electrostatic energy between the trav-
eling spherical particle and the adsorption surface is given by
the limiting forms of Eqgs. (3) and (4) when one of the particles’
radii tends to infinity.

In general, a total interaction energy profile E;(H) is pro-
duced by a combination of the repulsion exerted by the particles
attached at the points (X;,, Y;,), with the attraction exerted by
the surface. As a consequence, the profile has a maximum Ej
Xy, Yy, X1, 11, ..., X, Yy), which represents a kinetic bar-
rier to adsorption of the virtual particle at the point (X,, Y3).
Its height depends on the configuration of deposited small and
large particles. Using the Boltzmann distribution, one can cal-
culate the particle adsorption probability at the given point
of the adsorption surface. Fig. 2 presents the total interac-
tion energy profiles corresponding to the simplest system, in
which the large particle moves toward the surface next to the
small, adsorbed particle. We assume the following parameters:
ag=250nm, q;=625nm, ¥y =y;=—-50mV, v, =100mV, and
I=10"*M. The profiles correspond to three different values of
the dimensionless particle center-to-center distance projection
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Fig. 2. Electrostatic interaction energy profiles calculated for the large particle
approaching the surface next to the small particle in 3D RSA. The plots represent
results based on Eq. (5). The dash-dot-dot line depicts the large particle—interface
attraction. Dotted and solid lines correspond to the particle—particle repulsion
and the total energy profiles, respectively. Circles, squares, and triangles indi-
cate results obtained for Ry =Ry + 2/ka;, R = Ro + 1.2/ka;, and Ry =Ry + 0.8/kay,
respectively, where Ry = 2/ V/A. See more details in the text.

2D RSA

3D RSA

length R> = r2/a; = v/ (X; — X,)? + (Y; — Y,). Based on the
plots, one can conclude that the energy barrier occurs at some
height above the adsorption surface and that the barrier height
increases when the projection length R, decreases.

Although the authors of Ref. [23] claim that the 3D RSA
model is more realistic, one should remember that the physics
of this approach is still greatly simplified. The assumption that
the particle trajectory is perpendicular to the interface seems
artificial, especially for a particle overcoming the energy barrier,
where the lateral component of the repulsive particle—particle
force dominates. We can expect that, according to the Boltzmann
distribution, most of the particles passing the energy barrier have
relatively low kinetic energy (see Appendix B). More important,
in the thin layer of the electrolyte adjacent to the interface, the
surface forces, including the lateral particle—particle repulsion,
become very large compared with the unit k7/a;, characterizing
thermal motion of the particle. Therefore, in the surface layer
the particle will move approximately along the force lines of the
electrostatic field. Thus, although the 3D RSA model seems to be
areasonable approach for studies of kinetic aspects of adsorption
phenomena, it fails to provide appropriate monolayer structures.
Consequently, one can suppose that computed jamming limits
might be inaccurate as well.

5. CT model

The shortcoming of the 3D RSA model inherent in the
assumption of the rectilinear trajectory of the adsorbing particle
can be overcome by allowing curvilinear particle trajectory
during its travel toward the adsorption surface. As discussed
earlier, most of the particles passing the energy barrier move
approximately along the force lines of the strong electrostatic
field at the interface. The particle trajectory can be calculated
according to the forces acting on the particle, starting from the
point where the energy barrier was found (see Fig. 3) up to
the point corresponding to the particle—interface contact. This
modification delivers a new model that we will call CT RSA. In
the simplest formulation of this model, the trajectory is deter-
mined assuming the mutual compensation of hydrodynamic

CT RSA

Fig. 3. Three different approaches of random sequential adsorption at precovered surfaces. Bold lines depict trajectories of the large-particle center considered in the
models. The schemes show the large spherical particle at the energy barrier, where the adsorption probability is calculated, at the same distance R,. Fj represents the
net force acting on the particle at the barrier. Note that because of the smaller particle—particle distance in the 2D RSA model, this approach predicts much stronger
repulsion than the 3D and CT models. Unlike the 3D model, the CT RSA model assumes that immediately after crossing the energy barrier, the adsorbing particle

begins to move curvilinearly.
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and dispersion forces between the interface and the particle calculated according to the equation:
approaching it. Furthermore, particle—particle hydrodynamic

and dispersion interactions, external forces, and rotational Fi(Rj)) = —VE(R))

motion as well as convection and Brownian motion in the thin

layer are neglected. Therefore, the virtual particle trajectory can
be calculated based on the deterministic equation of the motion:

dR;
d?;k = Fi(Ry),

where Rj=rj/a; is the virtual-particle position vector in the
a; units, 7 = tai2 /D$° the dimensionless time, ¢ the time in
s, DY° = kT/6mna; the diffusion coefficient of the particle
in the bulk, n the solution dynamic viscosity, and Fj the net
force acting on the particle, expressed in the k7/a; units and

Choose at random the particle coordinates X; and Y,

.

Setup Z,q particle coordinate corresponding to the particle-interface
interaction equal to £, = -0.01

.

Calculate Z,,;, particle coordinate based on the non-overlapping condition

.

Calculate the particle potential profile along the line connecting the points
(/Yv, Yv’ Zmin) and ()(v, Y\‘, Zmux)

Is there

Is Zyin equal
to one?

energy barrier?

where E;(R;) is the total particle potential given by Eq. (5).
Note that Eq. (6) is the well-known Stokes formula relating the
velocity of a spherical particle in the creeping flow to the force
6) acting on the particle, expressed in the dimensionless form.

It should be noted that, in the CT model, the probability of
particle adsorption at the final point of its trajectory is consid-
ered to be equal to the probability of the particle appearing at the
energy barrier, calculated according to the Boltzmann distribu-
tion, as in the 3D model. If no energy barrier exists at the chosen
virtual coordinates X,, Y, the particle trajectory is not calcu-
lated. Instead, the minimum gap width H between the surface

Find the coordinate Z, where
Substitute Z, = Zyn the energy barrier occurs

Yes
A 4 A
Accept the adsorption Calculate the particle energy
attempt and save the E} at the point (X,, Y., Zp)
particle position at the l
point (X,, ¥y, 1)

A

Calculate the adsorption
probability p = exp(-E}p)

Is p larger than a
random number?

Reject the
adsorption attempt

Calculate the particle trajectory
from the point (X,, Y,, Z») and save
the final particle position at Z, =1

Fig. 4. Flow chart of the main simulation loop of the CT RSA model.
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of the virtual particle and the interface is determined for these
coordinates, under the condition of non-overlapping other, ear-
lier adsorbed particles. If the gap width H is equal to zero, the
virtual particle is adsorbed at the point (X4, Yy, 1), with the
probability equal to one. Otherwise, the probability of particle
adsorption is calculated at the point (X, Y,, H+ 1), which is
considered to be the starting point of the virtual-particle trajec-
tory. The flow chart of the main simulation loop is presented in
Fig. 4.

There is no conceptual difficulty in incorporating thermal
motion, convection, or other types of interaction into the model,
although incorporation may require some modification of the
method used for choosing the particle’s starting position. Eq. (6)
then becomes the stochastic Langevin-type equation that is the
base of the Brownian Dynamics (BD) method [36]. Therefore,
using the more-sophisticated equations leads to a “smart” BD
model. In spite of rapid development in computer technology,
however, the computational expense of such simulations is still
high, which makes the simple CT RSA model attractive and
useful.

6. Analytical approximation

It is important to compare numerical results of computer
simulations with analytical solutions that can be derived for
special or limiting cases. Such a comparison allows verifica-
tion of the used assumptions and correctness of the algorithm.
Because of a lack of appropriate expressions for the available
surface function in the case of the RSA of spherical particles
at precovered surfaces, we have to test results of our simu-
lations in terms of the equilibrium adsorption approach. This
approach seems reasonable because the available surface func-
tions for the RSA and equilibrium processes are indistinguish-
able in the early stage of deposition at low surface coverage
[5]. For the equilibrium adsorption approach, we need to derive
analytical formulae predicting the available surface function
in equilibrium systems containing a bimodal mixture of soft
spheres at an interface. We exploit the extension of the effective
hard-particle approximation to bimodal systems described in
Appendix C.

According to the scaled-particle theory formulated in Ref.
[37] and then extended to multicomponent mixtures in Refs.
[38,39], the equilibrium available surface function for the
bimodal suspension of disks is given by the expression:

R

Kig

By = —In | Zid
id n(kT)

= (1-04) exp [

30ty + 20 (6ia+19a\’
1—6y4 1—6y4 ’
(8)

where “51 is the residual potential of the particles i; i,j =1,s; 6;g =
naizd Niq/S is the disk surface coverage; a;; and N4 are the radius
and number of the adsorbed disks, respectively; 6;=0;;+ 054,
and y =ajqlajq is the disk size ratio. It should be noted that Eq.
(8) describes a 2D system of hard discs only.

However, a useful approximation of the effective hard-sphere
available surface function can be formulated by redefining the
geometrical parameter y. Expanding Eq. (8) in the power series
of 6;4 (up to the order of two), one obtains the following expres-
sion [28]:

Big =1 —46;4 — (y + )04, )

which is valid for low surface coverage. In the case of the
bimodal system of the effective hard spheres, it can be deduced
from geometrical considerations that at low coverage, when the
adsorbed particles are far apart, the large-particle available sur-
face function is equal to:

*

d* \ 2
B =1 —4(2:*> 6f — 41767, (10)

]

where A =aj/a; is the spherical particle size ratio, d;; the parti-
cle center-to-center distance projection length, and the asterisk
indicates the effective geometrical properties. Note that the terms
proportional to 6] and 9;5 represent the surface excluded because
of the adsorbed particles i and j, respectively.

In the case of monodisperse systems, the last term of Eqgs. (9)
and (10) vanishes; therefore, in the limit of low surface coverage,
the available surface functions of the small disks and spheres
reduce to the well-known formulae B;; =1 —460,0and By = 1 —
407, respectively. We used Eq. (C.7) in Appendix C to get the last
formula. The formulae can be matched when 6;y = ;. Taking
this into account, we notice that in the case of bimodal systems,
the available surface functions of the large disk and the effective
large sphere — Egs. (9) and (10), respectively — can be matched
when

i\’
e,d:<2;*> 6f and y=2VA" — 1. (11)
1

Substituting Eqgs. (C.8) through (C.11), one gets

2 2
_ (% _ (% _ 0%
91d = 91, Qsd = 95, and Yy = 2 —1.
2a; 2ay dA*s
(12)

This result drives us to the conclusion that the large-
sphere available surface function in the bimodal interacting
spherical—particle system in the low coverage limit can be
approximated by the equation:

36+ y(y +2)bsa (91d + V9sd>2]

B =(1-6
1= ( d)expl —y 1—6,

13)

where variables 0,4, 6,4, and y are defined by Eqgs. (12).

The limiting analytical expression for the large-particle avail-
able surface function corresponding to the initial adsorption flux
of the large particles at surfaces precovered with the small ones,
derived at 9; =0, is

2)0, sa \’
B = (1 — 65y exp [_y()l/i_e)dld_@y—e;d) ] . (4
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It should be mentioned that Eqgs. (13) and (14) can be inter-
preted as the adsorption flux only in a system where both
bulk transport and the hydrodynamic scattering effect can be
neglected [31].

7. Conclusion

In this paper we analyze three extended RSA models includ-
ing electrostatic interaction. The simplest version of the model
allowing the soft interaction is the 2D RSA model, which
assumes the perfect sink particle—surface interaction and con-
siders just the lateral particle—particle interaction. The param-
eter o used in the model allows some kind of correction for
the particle—interface interaction. The analysis presented in the
paper suggests that this model can overestimate the surface
blocking effects, especially if the adsorption process is con-
ducted at an interface partially covered with smaller preadsorbed
particles. The analysis of the more-sophisticated model 3D RSA,
which considers the electrostatic particle—interface interaction,
suggests that the model can adequately describe the kinetic
aspects of adsorption. However, because the rectilinear parti-
cle trajectory is assumed, the pair correlation function predicted
by this model can be inaccurate, especially at high surface cover-
age. It seems that at present the best tool for studying the kinetic
and structural aspects of adsorption is the CT RSA model, which
includes the electrostatic particle—interface interaction and con-
siders the curvilinear particle trajectory at a relatively low com-
putational cost. Depending on requirements, the model can be
modified to include additional effects such as external forces
or convection or Brownian motion. Application of the effective
hard-particle concept allows extension of the scaled-particle the-

ory for bimodal systems of soft particles. The derived analytical
formulae for the available surface function can be used for test-
ing the numerical results in the range of low surface coverage.
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Appendix A

Let us accept the assumption used in Ref. [20] that the
proximity of the interface does not modify the particle surface
potential, and vice versa. As discussed in Ref. [20], the lateral
interaction force of two (large) spherical particles at the inter-
face can be calculated as the surface integral over the contour
shown schematically in Fig. A.1 [34]:

E2
Fy = —/ [(Ap+ 8—) n— i(E-n)E] ds,
S 8 4

where Ap & kTI/? is the osmotic pressure at a given point rel-
ative to the bulk value, ¥/ = y/(e/ kT) the dimensionless electric
potential at this point, ¥ the electric potential, n the unit vector
normal to the closed surface S composed of the plane surfaces
S1, 82, S3, and S4, and

(A1)

E=_Vy (A2)

the electric field strength vector. The surface integral (A.1)
over S3 is zero if the surface is drawn sufficiently far from

y=0

Fig. A.1. A schematic view of the electrostatic interaction of two spherical particles next to an interface at high ionic strength. The surfaces S, Sz, S3, and S4 (dashed
lines) perpendicular to the plane of the picture form a close surface S around the charged spherical particle. Two surfaces parallel to the plane of the picture are not
presented because their effect can always be discounted if they are chosen far enough from the particle. Dotted lines depict the borders of the area where the electric
potential becomes negligible (white surface). The thickness of the double layer at the interface and at the particles is similar because it depends exponentially on the
ka parameter and only linearly on the surface potential. Note that everywhere on S3, the potential vanishes. Because of the symmetry, the force contribution from the
surface Sy is perpendicular to the interface. Bold lines depict the parts of the surfaces S7 and S, over which the integration has to be conducted. Note that surfaces Sy;
and Sy, are separated and that the potential on the surfaces S, and Sy}, is identical. Therefore, the total lateral force is equal to the force acting between two isolated

spherical particles with no interface.
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Fig. A.2. A schematic view of the electrostatic interaction of two spherical
particles next to an interface at low ionic strength when the spherical electric
double layers overlap very little. Bold lines (black and white) depict the parts of
the surfaces S; and S, where the potential does not vanish. Due to the symmetry,
the force contribution from the surface Sy is perpendicular to the interface. Note
that the potential is different only on the small parts of the surfaces Sy, and
S2p, namely on the circles Sy; and S;. Therefore, the integration needs to be
conducted just over these surfaces. Note also that any point P on the circle Sy; is
placed nearer the interface than the particle surface; therefore, the potential on
the circle will be dominated by the contribution originating from the interface.

the interface. Moreover, if the ionic strength is high enough
or if the particles’ electric double layers overlap very little (see
Figs. A.1 and A.2), then because of the symmetry, the surface
integral over S4 gives a perpendicular component of the force
only. In these cases the lateral force can be calculated from the
contributions originating from the parallel planes S; and S;. It
can be expressed as:

I _ . € o
Fll = /S [ari - ap+ et - e, @)

where Ap; ~ kTI 17/12 ; is the osmotic pressure and the electric
potential on the surface S;, and i=1, 2. E); is the component of
the field strength vector parallel to the surface S; on this surface.
Note that the positive value of the lateral force corresponds to
the particle—particle repulsion.

According to the LSA, the electric potential v; at a point P
is a sum of contributions originating from the particles and the
interface, which are given by the following equations:

,(//l

= ’+ - expl—kai(Hy + 1)]

and y” =Y, exp(—ka;H), (A.4)

where H| =hi/a; and H=h/a; are the dimensionless minimum
distances between the point P and the surface of the particle and
the interface, respectively. The electric potential decays rapidly
(at least exponentially) with the distance from the charged sur-
faces. Therefore, there always exists a distance hmax from the
particle or interface surface, at which the potential becomes neg-
ligibly small (y» ~ 0, white area in Fig. A.1). Consequently, we
can limit the surface integration to those parts of the surface S
where the potential or the field strength vector does not vanish,
i.e., S1; and S1p, where the subscripts / and p mean the part of
the surface where the potential is not equal to zero because of
the particles and the interface, respectively. Also note that the
distance hmax is relatively weakly (linearly) dependent on the

surface potential. Therefore, even if the surface potential of the
particle and the interface differ by a few times, the distance /max
from both surfaces is going to be similar.

At very high ionic strength, when the parameter «a; is very
large, the surfaces S1; and Sy, are separated (see Fig. A.1). Then,
the electric potential and the field strength on the surface Sy,
and the corresponding surface 7, are equal to the potential and
field strength because of the interface alone: V| = ¥y = ¥”
and E}|| = Ej2 = E)p. Therefore, the surface integral — Eq. (A.3)
—over the surface Sy, vanishes, and the total lateral force is equal
to the surface integral over the surface S1;. The potential and field
strength on this surface and on the corresponding surface Sy; are
equal to the potential and field strength because of the system
of two isolated particles (with no interface in their vicinity).
Therefore, the lateral interaction of the spherical particles at a
very large value of the ka; parameter can be accurately described
by Eq. (3), with the parameter « = 1. Physically, this means that
at very high ionic strength, the interface has no effect on the
particle—particle lateral repulsion.

At low ionic strength, when the parameter xa; is small, the
surfaces S1; and Sy, overlap. Let us consider very weak overlap-
ping of the spherical electric double layers first (see Fig. A.2).
Then, the surfaces S1; and S; are parts of the surfaces S, and
Sop, respectively. The electric potentials and the field strength
on all the surfaces S, and S7,, except the parts Sy; and Sy, are
equal: Y1 = ¥ = ¥* and E||; = E|2 = E|)p. Therefore, the only
non-vanishing contribution to the integral — Eq. (A.3) — comes
from the surface Sy;. The potential and field strength on the sur-
face S1; and on the corresponding surface Sy; are equal:

U =29 + P,

E\; =2E||1+E||p, 1}2:1}‘”, and Ep=E|p, (A.5)

respectively. Taking this into account we can express Eq. (A.3)
as:

I ARy &
Fy =/ [4le¢ W +v")+ 7E||1(E||1+Eup)} ds.
S 4
(A.6)

As discussed in Ref. [20], ¥/ is usually of an opposite sign to
¥P in order to ensure particle adsorption and adhesion. So are
Ej; and Ej), because of Eq. (A.2). In the case of very weak over-
lapping of the electric double layers; however, the distance H
calculated for any point P of the surfaces Sy; is going to be larger
(about two times on average) than the distance H. Therefore,
both terms of the integrand appearing in Eq. (A.6) will be nega-
tive. Physically, this means that in the case of low ionic strength
and a relatively large distance between particles at the interface,
there will be a weak attraction between the particles—the lateral
interaction will not diminish the particle adsorption probability
at such a distance. From the perspective of the Monte Carlo sim-
ulations, this can be expressed by taking the coefficient « =0 in
Eq. (3).

Let us next consider stronger overlapping of the particles’
electric double layers (see Fig. A.3). Now, because of the poten-
tial distribution asymmetry, we also need to calculate the integral
(A.1) over parts of the surface S4, namely over the surfaces S41,
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Fig. A.3. A schematic view of the electrostatic interaction of two spherical particles next to an interface at low ionic strength when overlapping of the spherical
electric double layers becomes stronger. Black and white bold lines depict the parts of the surface S over which the integration has to be conducted. Note that
because of the potential asymmetry at the surface S4, we need to integrate over the identical surfaces (segments of a circle) S41, S42, and S43, where the potential is
dominated by the contribution originating from the interface. Also note that the surfaces Sy, and Sy;, as well as the surfaces S5, and Sy, only paratially overlap. At
the particle—particle gap width about two-times larger than the distance /imax from the interface (like in the picture), the absolute values of the potentials ¥ and /7,
as well as the absolute values of the field strength E; and E||,, become comparable, and the integral (A.6) over the overlapping part of the surface Sy; vanishes. Then,

the only non-vanishing contribution to the lateral force Fll‘ comes from the part of the surface Sy, that does not overlap the surface S1,. This part of the surface Sy; is
a small and relatively remote segment of the large circle formed by the intersection of the two spherical electric double layers, where the potential and field strength
are as in the system of two isolated particles. Therefore, the lateral force in this configuration is much smaller than a half of that between the two isolated spheres.

Sa7, and S43. Note that the three surfaces have identical shape
and surface area. The lateral component of the force can orig-
inate only from the second term of the integrand appearing in
Eq. (A.1). It can be expressed as:

&
Fll, = e [/ (Ef + E'} + ER)(E|| + E[)dSa
T LJ Sy

— [ (E" + E'DE[dSsy — | (EF + E'DE||dSss |,
Sg S43

where the subscripts || and L mean the compounds of the field
strength vectors parallel and perpendicular, respectively, to the
surface S4, and the superscripts p, [1, and /; mean the contribu-
tions of the field strength vector originating from the interface,
left and right particle, respectively, as they are presented in
Fig. A.3. However, everywhere on the surfaces S41, S42, and
S43, we have |Ej7_| > |Elj_| and |Ef_| > |El}_|; therefore,

A~ o | [ Bt + Epasu - [ pLEasa
Sa1 S42

_/ EiEl'dS43:| ,
S43

and because of the symmetry

&
Fiy ~ o [/ EVEfdS —/ EiEﬂdS43} =0.
T LJ Sy S43

Thus, the total lateral force F; llll can be calculated by integra-
tion over the surface S as in the case of very weak overlapping
of the electric double layers. Again, the only non-vanishing con-
tribution to the integral — Eq. (A.3) — comes from the surface Sy;.
Note that in this configuration, the surface S1; partially overlaps

the surface S1),. Similarly, the surface Sy, partially overlaps the
surface S7,. The potential and field strength on the overlapping
parts of the surfaces Sy; and Sj,, and on the overlapping parts
of the corresponding surfaces S»; and S, can be expressed by
Eq. (A.5). The lateral force contribution originating from this
part of the surface S can be calculated according to Eq. (A.6).
We can always find such a particle—particle gap width A, (that
is about two-times larger than the distance s, from the inter-
face), at which the absolute values of the potentials v/ and /7,
as well as the absolute values of the field strength E; and E),
become comparable. At this distance between the particles, the

integral — Eq. (A.6) — vanishes. Then, the only non-vanishing

contribution to the lateral force F, llll comes from the part of the

surface Sy; that does not overlap the surface S;,. The poten-
tial and field strength on this part of the surface S1; and on the
corresponding part of the surface Sy; are equal to the poten-
tial and field strength because of the system of two isolated
particles (with no interface in their vicinity) at the minimum
surface-to-surface distance i.. However, this part of the surface
S1; is only a small and relatively remote fraction of the large
circle formed by the intersection of the two spherical electric
double layers; therefore, the lateral force is much smaller than
a half of the force acting between the two isolated spherical
particles at the gap h.. Obviously, the particle—particle potential
energy, calculated by integration of the lateral force over the dis-
tance changing from infinity to 4., will be even smaller because
the non-overlapping part of the surface Sy; decreases with the
increase of the distance between the particles and because the
integral — Eq. (A.6) — over the non-overlapping part of the sur-
face S1; becomes negative at the gap wider than A, as discussed
earlier. Therefore at the particle—particle gap width A, the coef-
ficient o« <0.5.
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Note that at stronger overlapping of the spherical electric
double layers, the coefficient can approach the value 0.5 or even
become larger. In such a configuration, however, the particle
potential energy is relatively high, and the adsorption probabil-
ity, decaying exponentially with the value of the energy, becomes
negligible anyhow. On the other hand, at the particle—particle
gap wider than h., the value of the coefficient « becomes even
smaller than that at the gap h.. Therefore, if one wants to use
a constant value of the coefficient in the formula (5), then the
value should correspond to an average or effective value of the
coefficient that is smaller than 0.5.

Appendix B

Let us consider a single central collision of a colloid particle
and a high-energy solvent molecule in the bulk where the particle
mobility and diffusion are isotropic. We assume that the net flow
and external force acting on the particle are equal to zero and
that the particle velocity after the collision is small. According
to the Stokes’ law, the value of the viscous force acting on the
particle after the collision is equal to:

Vi

m;— = —6mna;v;(t),

i=s, 1,
dr

(B.1)
where m; = 4/ 37m? pi is the mass of the particle i, v; and p; are
its velocity and density, respectively, and 7 the solution dynamic
viscosity.

Integrating Eq. (B.1) once yields the velocity of the particle
() = v exp (). ®2)
where v;(0) is the particle velocity at the moment of the colli-
sion, and T = 201,-2 pi/9n is the characteristic time of the particle
movement. For a typical colloid particle of the size on the order
of 100 nm in water at room temperature, the characteristic time
is on the order of 1 ns, so the particle velocity is going to decay
very rapidly.

The value of the particle displacement can be calculated by
integrating Eq. (B.2), which yields

t
Ari(t) = v;(0)T [1 —exp (—;)] . (B.3)
Substituting
3KTE
w(0) = [ >+, B.4)
2ma; p;

where Ej is the kinetic energy of the solvent molecule in the
kT units, we can express the maximum particle displacement
normalized by the particle radius as:

: Ari(t [2kTp; E
AR:'nax = tl_l)l’go rl( ) = IOZZ k
a; 27mn>a;

We can deduce from Eq. (B.5) that the central collision of
a typical colloid particle on the order of 100 nm with a solvent
molecule at kinetic energy on the order of 100kT results in the
maximum particle displacement on the order of 1 nm—so very

(B.5)

small. Note that the molecule kinetic energy Ej; needed to move
the particle by a distance of AR!, increases quadratically with
the value of the displacement.

The molecule kinetic energy resulting in a similar displace-
ment of a colloid particle approaching the energy barrier at the
solid-liquid interface has to be even larger than that for the colli-
sion in the bulk. This is so because the particle moving toward the
energy barrier is additionally retarded because of the repulsive
electrostatic interaction, as well as the hydrodynamic interaction
with the adsorption surface and the adsorbed particles. Accord-
ing to the Boltzmann distribution, however, the probability of the
collision with a high-energy solvent molecule decreases rapidly
(exponentially) with the molecule kinetic energy. Therefore, as
well as because of the rapid slow down of the particles moving
in the solution, we can expect that the vast majority of the par-
ticles approaching the energy barriers at the adsorption surface
will have a low kinetic energy.

Appendix C

If the required accuracy of computation is not very high,
the modeling of the electrostatic interaction can be simplified
by exploiting the effective hard-particle concept. This method,
originally developed for calculating the structure of real fluids
[40—43] and offering considerable advantages over the direct
method of soft-particle simulation, has often been exploited for
modeling colloid phenomena [20,22,44-46]. Instead of mak-
ing complicated and time-consuming computations of particle
energy, the effective hard-particle algorithms take into consid-
eration a simple overlapping test in which the real geometrical
particle dimensions are replaced with the effective ones. Apart
from simplifying algorithms and achieving a large computa-
tional gain, the effective hard-particle approach allows com-
parison with analytical solutions, which are often known for
hard-particle systems, and thus yields a simple test for validating
numerical results. It is worthwhile to note that the algorithms are
independent of the method used for calculating the effective geo-
metrical parameters. We next discuss two methods of calculating
the effective hard-particle diameter for monodisperse spherical
particles and extending the effective hard-particle approach to
bimodal systems.

The rigorous theoretical method of determining the relation-
ship between the idealized hard-sphere model and the smoothly
varying repulsive forces found in real fluids was developed based
on the idea proposed by Zwanzig [40]. Zwanzig’s idea consists
in treating the intermolecular forces in a fluid as perturbations on
ahard-core potential. Since then, several authors have developed
various perturbation theories, introducing improved models of
the effective hard particle. In our consideration, we will use
the Barker-Henderson model [43]. According to this model, the
dimensionless effective hard-particle diameter is equal to:

o0
di = a,-/ {1 —exp[—Eiij(R)]}dR, i=s,l, (C.1)
0
where R=2+H|.

In general, the energy E;; can be a complicated function of

the center-to-center distance R, and the integral appearing in Eq.
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(C.1) must be computed numerically. It should be mentioned that
Eq. (C.1) was derived assuming short-range interactions. This
approximation has been successfully applied to a description of
fluids and colloidal suspensions. The model has been extended
and effectively exploited for nonspherical particles as well [22].

Another, more-intuitive approach was proposed and used
mostly by researchers conducting experimental studies of col-
loids [44—46]. Motivated by the fact that any force becomes
important as soon as the work of that force is on the same order
as thermal energy, some authors have chosen akT (with o ~ 1)
as the value of the particle—particle potential at which to fix the
effective hard-sphere diameter:

df'i = CliR*,

ii Eii(R*) = . (CZ)

The value of « has often been obtained by fitting experimental
results to a hard-particle model. This method was effectively
used for spheroidal particles [46] as well. As was demonstrated
in Refs. [33,47], the results of the thermal energy approach are
almost identical to those predicted by the Barker-Henderson
model when o=0.5, which corresponds to the characteristic
energy for one component of the 3D translation Brownian
motion.

The effective hard-particle approach can easily be extended
to a bimodal system. To do so, it is convenient to introduce
the effective hard-particle center-to-center distance projection
length, d;kj, as a generalization of the effective hard-particle diam-
eter d;. Using the Barker-Henderson approximation and the 2D
RSA model, one may define the lengths by the equation:

[o/0]
a5 = a /0 (1 — expl—Eg(R)INRs, i, j=s0,  (C3)

where Ry= \/(Xi—xj)z F Y- Y= \/R2 — (1 —aj/a)
is the dimensionless actual particle center-to-center distance
projection length.

On the other hand, using the thermal-energy approximation,
one has

di*j = al-RE‘, Eij(Rz) =0.5. (C.4)
In the case of the 3D RSA model, Egs. (C.3) and (C.4), involv-
ing the particle—particle energy E;;, should be replaced with the

equations

a5 = a /0 TU - expl-Ey(R)NARy, i j=sl  (CS)
and

di =a;R5, EpR;) =05, (C.6)
respectively.

One should notice that because of a curvilinear particle tra-
jectory in the CT RSA model, the starting and ending X,, Y,
particle coordinates are different in general. The values obtained
from Egs. (C.5) and (C.6) correspond to the starting points of
the effective particle trajectories and thus should be suitable for
estimating the available surface function. On the other hand,
considering the structural aspects of adsorption requires taking
into account the effective final positions of the adsorbing par-
ticles. However, the main driving force acting on the particles
approaching the interface is not diffusion but rather strong elec-
trostatic attraction in the thin layer adjacent to the interface.
Therefore, the equilibrium approach presented above does not
seem to be reasonable for predicting the effective final particle
position. Instead, we can approximate the effective final dis-
tances with the values that correspond to the effective starting
positions and can be found using Eq. (6). In what follows we
will use dl?kj to denote the final distance-projection length corre-
sponding to the effective starting distance.

In general, the effective hard-particle dimensions calculated
using the above methods are nonadditive in the sense that the
condition dl";z = djjd};, resulting from the simple geometry of
two contacting spheres on a planar surface, is not obeyed. This
situation makes further analysis more complicated. Therefore,

* *

d\:s' d Is

Fig. C.1. A schematic description of effective hard-small and soft-large particles at a plane interface. Dashed lines denote shapes of the effective particles and
adsorption surface. Dash-dot lines show the effective interaction range of the large particles.
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to ensure additivity of the effective particle dimensions, we will
choose effective radii in such a way as to have the system of the
small effective hard particles and the effective interacting large
particles (see Fig. C.1). From the symmetry condition, we get
k 1 k
a; = Edss, €7
and from the Pythagorean Theorem dl”;z + (af — a"f)2 =
(aj + ajf)2 we get
2 2
daf  2d}

: (C.8)

where variables with a star denote quantities corresponding to
the effective particles.
The effective size ratio is given as:

* * 0\ 2
2= al — (dls>
ag \dg
(see Fig. C.2). As one can see, the increase of the interaction
range results in a decrease of the effective size ratio, in agreement

with intuition. Surface coverage of the effective small and large
particles equals

(C.9)

*\ 2 * 2
d
0;*:9(‘“) =9S(”> (C.10)
: ag 2ay
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Ka,
Fig. C.2. Comparison of effective particle size ratios as predicted by two models
of RSA for A =1 (reference curve, the dashed line), > =2 (squares), A =4 (trian-
gles). Open symbols refer to the model 2D — Eqgs. (C.9) and (C.3) — and filled
ones to the model 3D — Egs. (C.9) and (C.5). The dashed line denotes identical
2D and 3D results.

and
a 2 d*2
o =0-L) =L C.11
! ! ( aj > ! 2aid; ( )
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