On Some Combinatorial Problems Concerning Partitions of a Box
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Abstract.  In this paper we extend the results of [4]. We consider
partitions of n-dimensional boxes in R®, n > 2 into a finite number
of n-dimensional boxes with disjoint interiors. We study sets
X C (0,00) with the following Property (W,): for every n-
dimensional box P and every partition of P, if each constituent box
has one side with the length belonging to X, then the length of one
side of P belongs to X. We prove that if {Golo e is a chain of
additive subgroups of R, and each I, € (0, @) (@ € T')is either
[a,, ) or (a,, oc), then the setalélr G, N I, has Property (W ).
We prove that for every set X C {1, 2, 3, ...} closed with respect to
summation there exists a number n(X) > 0, such that for every
n > 2 X fulfills a condition obtained from Property (W,) by

allowing only boxes P with all sides longer than n(X).

In this paper we extend the results of [4] though our terminology differs from that of (4].
We consider partitions of n-dimensional boxes in R", n > 2 into a finite number of n-
dimensional boxes with disjoint interiors. The boxes constituting such a partition have sides
parallel to the sides of the whole box. By a binary partition we mean a partition, which can be
obtained by repeating the operation of partition of the box (whole in the first step and then its

parts) to two smaller constituent boxes. We study sets X C (0,00) with the property (W,,): for
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every n-dimensional box P and every partition of P, if each constituent box has one side with the

length belonging to X, then the length of one side of P belongs to X.

Theorem 1. If the set X C (0, 0o) has Property (W,,), it also has the following propertics:
1) X is an addilive semigroup.
2) X 1s closed with respect to the operation &z, y, z) = 24 y+ z— 2 min(z,y,2).
3) For ¢ > 0, the set cX has Property (W,).
4) Fora > 0, the sets XU [a, 00), XU (a, 00) have Property (W)

5) Fora > 0, the sets XN [a, 00), XN (a, 00) have Property (W)
Proof. We begin with the case n = 2.

1) follows from the following bisection of a square

T+ y

z€X ye X

2) We can assume that 2 > 2, y > 2z The result then follows from the following

partition of a square:




3) is obvious after performing on the rectangle P the similarity transformation with

scale %

4) We present the proof for a closed interval [a, co). The proof when the interval is

open (a, 00 ) is analogous.

When every constituent rectangle has one side with its length belonging to X, then, by

Property (W,) for X, one side of the large rectangle belongs to X C XU fa, c0).

In the opposite case some constituent rectangle has one side not shorter than a, so one

side of a large rectangle is not shorter than a.

5) We present (after Z. Moszner) the proof for a closed interval [a, co). The argument

for an open interval is analogous.

We assume that every constituent rectangle has one side belonging to XN [fa, 0c0). Then
one side of the large rectangle P is not shorter than a, and by Property (W,) for X one side of the
rectangle P belongs to X. When two sides of the rectangle P are not shorter than a, then one of
them belongs to XN /e, occ). When only one side B of the rectangle P is not shorter than a, we
consider rectangles P, adjacent to B. Their sides perpendicular to B are shorter than a, hence
their sides parallel to B belongs to XN fa, o0). Thus the length of B is a sum of lengths
belonging to XN fa, o). By 1), X is a semigroup, so we see that the length of B belongs to
Xnfa, o).

As the proofs of items 1-4 for n > 2 are straightforward generalizations, we omit them

here. We will prove item 5 by induction with respect to n. The case n = 2 is already proven.
We present (extending Zenon Moszner’r proof for n = 2) the proof for a closed interval [a,00).

The argument for an open interval is analogous. The length of one side of a large n-dimensional
box P belongs to X. Thus item 5 is true when all sides of P are not shorter than a. In the
opposite case we choose a certain side shorter than a. We conside an (n — 1)-dimensional face
of the box P orthogonal to this side and an induced partition of this face into (n — 1)-
dimensional boxes. Each (n — I)-dimensional box from the partition of this face has one side
with its length belonging to X N [a, o). By our induction assumption, the length of one side of
this face belongs to X N /fa, oo), which completes the proof. a

In [1] (see also [2]) N. G. de Bruijn proved a result about packing n-dimensional bricks

into an n-dimensional box that, when n = 2, implies that if an ax b rectangle is covered with



interior pairwise-disjoint copies of a ¢x d rectangle, then each of ¢, d divides one of a, b. De
Bruijn’s proof has been generalized to yield that the set of positive integers has property (W,).

This result has a variety of proofs (see [4]). Our Theorem 2 strengthens this result.

Theorem 2. If {G,}, ¢ s a chain of additive subgroups of R, and cach I, C (0, ) (a€T)
is etther [a,, co) or (a,, 00), then the set lé‘l‘ G, N I, has Property (W, ).

(o3
Proof. We begin with Lemma 1 (see also [4]) which follows.

Lemma 1. The set G N (0, o), where G is an additive subgroup of R, has Property (W,).

Proof. ~ We choose the cartesian coordinate system with the axis parallel to the sides of the

rectangle.  Let us denote by C the set of the coordinates of the vertices of the rectangles
belonging to the partition. Since the relation Ry <& z — y € G is an equivalence relation,
there exists a function fC—=C which fulfills the condition:

Vze CVYyeC (fz) = flyy ®z -y € G).

To the rectangle with vertices (z1, w)s (1, ¥3), (23, w1), (73, ¥,), with 5 < Iy % < ¥y

we assign a number

m(P) (F(z2) = [(x1)) - (f(v2) = f(0,)

J(z1)fni) + f(xy) f(wa) —1(xy)-(v,) ~ f(m)- f(v,).

il

(zl ’ y2) (x‘z; !]2)

(7, w) (23, 1)

Hence, for each vertex with coordinates (z, y), the product f(z)- f(y) enters the sum with
a “plus” sign when the diagonal is directed this way : /, and a “minus” sign for the diagonal

directed the other way: \.

The thesis of Lemnma 1 comes from Observations 1 and 2.



Observation 1. (Trivial). m(P) = 0 if and only if at least one side of the rectangle P has its
length belonging to G N (0,00).

i
Obscrvation 2. If P = PiU...U P, 1s a partition of the rectangle P, then m(P) = > m(P) .
1

Proof. 1) For a partition of a rectangle into two rectangles we prove our proposition by direct

decomposition.

The figures show the possibilities (the signs cancel on the line of partition, we recall that
the product f(z)- f(y) enters the sum with a “plus” sign when the diagonal is directed this way: /,

and a “minus” sign for the diagonal directed the other way: \).

(7, o Yo) ( 32:'_?/2)
(z1, ¥,) (I_:*i” 32) (; ’2;3'2)
(z1, va) T + (72 w)
+ -+ - + -
(21’ yl) (23’ yl) (22’ yl) (1'1, yl) (2:2, y])

2) For binary partitions the proposition follows from 1).

3) When we have any non-binary partition, we can form the set C, of the z-coordinates
of the vertices of the rectangles entering the partition, and the set Cy of the y-coordinates of the

vertices of the rectangles entering the partition.

The partition of the rectangle P formed by the straight lines z = 4, y = b, where

a € C,b € C'y , Is a binary partition of the rectangle P, which was made by a partition of

some P, by binary partitions.

Hence replacing some m(P,) with the sums we obtain our proposition with the help of 2).

This completes our proof of Lemnma 1. a
Using similar methods we can prove the following additional theorem:

If G; and G, are additive subgroups of R and each constituent rectangle has either the



height belonging to G; N (0, oo) or the width belonging to G, N (0, co), then the whole rectangle
has either the height belonging to G, N (@, co) or the width belonging to G,N (0, c0). This

generalization can be found also in [4].

Now we begin the actual proof of Theorem 2. We consider only finite partitions, hence
we may consider only finite chains of groups of form G, C G, C ... Cc G,,. Wecan
additionally assume that 7, D [, DO ... D I,,. We choose the coordinate system with the
axes parallel to the sides of the large n-dimensional box P. For each axisz, (1 = 1, ..... , n) we
denote by d; the length of this side of P, which is parallel to the axis =z, Let
S={i€ {1,2..,m}): d € I;}. Fori € S wechoose the largest v(i) € (I, 2, ..... , m} for
which d; € Ium. Every constituent box has one side with the length belonging to
(G,NL)U(G,NL)U..... U(G,NI1,) C L. Thus the length of a certain side of the large box
P belongs to I;, which implies S #@. For: € {1, 2, ... , n} we denote by C; the set of the -
th coordinates of the vertices of the constituent boxes. For each : € {1, 2, ..... , n} and an

additive subgroup G C R there exists a function f;: C;—C;, which satisfies the condition:

Vz e C Vye C (foz) = [g(y) © z -y € G).

To an n-dimensional box Q@ = (1}, 7] x [13, )] X ..... x [12, z}] we assign a number
Q) = Wiy, @ ~dg @y IL =
1€5 iE{l,...,r:}\S

Repeating the argument from our Lemma 1 we can prove that this assignment is finitely additive.

We will prove that if d € (G,NL)U(G,NL)U..... U (G,,N1,) is the length of the
constituent box @, which is parallel to z-axis, then: € S, d € Gv(i) N (0, o0). Indeed, since
d < d;, we have d € . Thus :+ € S If (i) = m, then

1 i

d € (GNL)U(GNL)U....u(G NI )=(GN1L)U(G,NL)U.... U (G 1))

If v(1) < m, then d; ¢ Iu(i)+1'
..... yd ¢ I,.. Hence from the condition d € (G,NL)U(G,NL)U....U(G, NI, ), we see

Since d < d; it follows that d ¢ Liy+10 @ € Ly



that d € (G,NL)U(G,N1)U.... U(Gu(i)ﬂlu(i)) = Gu(i) N (0, o0). This means that
m(Q) = 0 for all constituent boxes Q. By finite additivity of the assignment m we find that
m(P) = 0. This implies that for some i € § d; € Gv(‘-) N (0, o). Since d; € Ly we
have d; € G,;) N Iy € (GGNL)U(GND)U....U(G,,N1,). This completes the proof. O

Let us denote by Z the additive group of integers. For thesets X C (1, 2, 3, .... } we
present partial sufficient condition for fulfilling Property (W,).  This result is contained in

Theorem 3 which we prove by means of Lemmas 2 and 3.

Lemma 2 (see also [3]). If d is the grealest common divisor of positive integers ay, a,, ..... .
then every sufficiently large positive integer divisible by d can be presented in the form
ez + ayzy, + ... + a,.z,,, where Tyy Ty eeee- » T, @re nonnegalive tniegers.

Proof. It is obvious that every positive integer divisible by d can be presented in the form

ay + ayy + ... + a,Y,, Where vy, ¥y, ..... , ¥, are integers. We put:
PR PN B R SO TR T O Al ,ym — 1)

From the following equality

g =1

m—1 m -1 L
E a':z“ + a"" ym -+ Zl aJ' q] = E al' y‘
1= 1=
: m—1
we obtain the result for positive integers divisible by d which are not less than Y aa,,.
r =1

Lemma 3 (sce also [3]). For every set X C {1, 2, 8, ... } closed with respect {o summation
there exists an n(X) > 0 and a subgroup G C Z for which X C Gn (0, o0) and
XN (n(X), ) = GN (n(X), ).

Proof. Let X = f{a,, a,, a3, .... J. We introduce the following notation: d denotes the
greatest common divisor of numbers belonging to X, d; denotes the greatest common divisor of

numbers a,, a,, ..... . a; and G denotes an additive group of integers divisible by d.
Of course X C GN (0, ).

We have d) > d, > d; > ... > d.  Then the sequence {d.} beginning from some

term d, is constant. Then d, = d, hence d is the greatest common divisor of the numbers



By means of Lemma 2 every sufficiently large positive integer divisible by d can be

presented as a;z; + a7y + ... + a,z,, where z,, z,, ..... , Z,, are nonnegative integers.

As the set X is closed with respect to summation, every a;z; # 0 can be obtained by
multiple summing of a;. Thus every sufficiently large positive integer divisible by d belongs to
X. We have just proved that there exists a constant »(X) > @ for which
XN (n(X), ©) = GN{(n(X), o0). This completes the proof of Lemma 3. o

Now we can revert to Theorem 3.

Theorem 3. For every set X C {1, 2, 3, ... } closed with respect to summation there erists a
number n(X) > 0, such that for every n > 2 X fulfills the condition obtained from Property
(W,) by restricting the bores mentioned in Property (W, ) to these that have both sides longer
than n(X).

Proof.  Let the group G fulfill the assertion of Lemma 3. When the box P has all sides longer
than n(X) and every box from the partition of P has one side with length belonging to
X € GN(0, o), then by Theorem 2 the length of one side of the box P belongs to GN (0, o).
Since GN (n(X), 00) = XN (n(X), ), the length of this side belongs to X. O
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