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Abstract

We prove that the sets {n € N: n satisfies condition (1)} and {n € N : n does not satisfy
condition (2)} are not recursively enumerable. (1) 3p,¢ € N((n = 2(p+ @) (p + ¢ + 1) + @))A
Y(zo,...,xp) € NPT J(yo,...,yp) € {0,...,¢}P" Vi, 5,k €{0,....,p} (((zj+1=ax) =
(yj +1= ykr)) A ((xz Iy = fI?k) = (yz “Y; = yk)))) (2) El(y()v v 7y"lL) E I\;:illvzvja k €

(3
{0,...,n} (((222] ’ +1 divides n) = (yj+1=u)) A ((222 75 +1 di
vides n) = (vi-y; =wx))). By using Gédel's 8 function, we can translate the phrase
"a non-negative integer n satisfies condition (1)" into a first-order formula of arithmetic. For
neN, let B, ={l=ua, zi+z; =, ;- z; =x,: 1,5,k €{0,...,n}}. ForneN, f(n)
denotes the smallest b € N such that if a system of equations S C E,, has a solution in
N+l then S has a solution in {0,...,b}""1. The author proved earlier that the function
f :N = N is computable in the limit and eventually dominates every computable function
g:N— N. We present a short program in MuPAD which for n € N prints the sequence
{fi(n)}52, of non-negative integers converging to f(n). For n € N, v(n) denotes the small-
est b € N such that if a system of equations S C E,, has a unique solution in N**!, then this
solution belongs to {0,...,b}""!. The author proved earlier that the function v : N — N is
computable in the limit and eventually dominates every function § : N — N with a single-fold
Diophantine representation. We present a short program in MuPAD which for n € N prints
the sequence {v;(n)}:2, of non-negative integers converging to y(n).
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1 A program in MuPAD which has five lines and computes in the limit a function
~v: N — {0,1} of unknown computability

Semi-algorithms differ from algorithms, as they may not terminate.

Definition 1. (cf. [13, pp. 233-235]). A computation in the limit of a function f : N — N is a
semi-algorithm which takes as input a non-negative integer n and for every m € N prints a
non-negative integer £(n, m) such that 1i_r)n &(n,m) = f(n).

By Definition |1} a function f : N — N is computable in the limit when there exists an infinite
computation which takes as input a non-negative integer n and prints a non-negative integer
on each iteration and prints f(n) on each sufficiently high iteration.
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It is known that there exists a limit-computable function f : N — N which is not computable,
see Theorem Every known proof of this fact does not lead to the existence of a short
computer program that computes f in the limit. So far, short computer programs can only
compute in the limit functions from N to N whose computability is proven or unknown, see
Theorem(]

Lemma 1. Foreveryn € N,

1 = if n is even

ifn=1
sgn(n —1)- 20+ (1— (—1)") - (5n + 2)) S in
77
3n+1, ifnisoddandn # 1

MuPAD is a part of the Symbolic Math Toolbox in MATLAB R2019b.
Theorem 1. The following program in MuPAD computes in the limit a function v : N — {0, 1}.

input ("Input a non-negative integer n",n):
while TRUE do

print(sign(n)):
n:=sign(n-1)*(2*n+(1-(-1)"n)*(5*n+2))/4:
end_while:

Proof. It follows from Lemma O

The computability of ~ is unknown, see [1, p. 79]. The Collatz conjecture implies that
v(n) =0 for every n € N.

2 A limit-computable function f:N — N which eventually dominates every com-
putable function g : N — N

Forn e N, let
En:{lzxk, Ti+Tj =Tk, Ti*Tj =Tk i,j,kE{O,...,n}}

Theorem 2. ([11, p. 118]). There exists a limit-computable function f : N — N which eventually
dominates every computable function g : N — N.

We present an alternative proof of Theorem 2| For n € N, f(n) denotes the smallest b € N
such that if a system of equations S C E,, has a solution in N**!, then S has a solution in
{0,...,b}"*1. The function f : N — N is computable in the limit and eventually dominates ev-
ery computable function ¢ : N — N, see [13]. The term "dominated” in the title of [15] means
"eventually dominated”.



Theorem 3. ([15]). Flowchart 1 shows a semi-algorithm which computes f(n) in the limit.

/ Input a non-negative integer n /

m:=0

y
Create a list L of all systems S C Ej
which have a solution in {0,...,m}" +1

v

Print the smallest non-negative
integer b such that each element

of L has a solution in {0, ..., 5}" t1

|m:=m+1I

Flowchart 1
A semi-algorithm which computes f(n) in the limit

Definition 2. An approximation of a tuple (zo,...,r,) € N**1 js a tuple (yo,...,y,) € N*H1
such that
(Vke{0,...,n} (I1=xp=1=yg)) A

Observation 1. For every n € N, there exists a set A(n) C N**! such that

card(A(n)) < 2C&1"d(En) —9on +14+2- (n + 1)3

and every tuple (o, ..., x,) € N**! possesses an approximation in A(n).



Flowchart 2 shows a simpler semi-algorithm which computes f(n) in the limit.

ﬂnput a non-negative integer n /

m:=0

v

For(x(),...,xn)e{0,...,m}”+1,

0, if there exists (ygs . .- > yn) € {0,...,m}" + 1
such that max(yg,...,yn) < max(xgp,...,xp) and
Vk € {0,...,n} (1 =x; = 1 =yp)A
Vi, j, k €{0,...,n} (xl-+xj =Xy =>yi+yj = YA

Vi, j, k €{0,...,n} (xi-xj =X 2 Yi'Yj =Yr)
max(x(, ..., Xn), otherwise

v
Print the greatest number of the set
(tm(xgsesXn) i (Xgseenrxn) € (0,...,m}"+ 1)
| m:=m+ ll

Flowchart 2
A simpler semi-algorithm which computes f(n) in the limit

tm(x(),...,x'n) =9

Lemma 2. Foreveryn,m € N, the number printed by Flowchart 2 does not exceed the number
printed by Flowchart 1.

Proof. For every (ag,...,a,) € {0,...,m}"*1,
E,2{l=ua: (ke{0,...,n}) A(l=ag)} U
{zi+xj=ap: (4,5,k€{0,...,n}) A (a; +aj =ag)} U
{zi-zj=ap: (4,5,k€{0,...,n}) A(a;-aj =ag)}
O

Lemma 3. Foreveryn,m € N, the number printed by Flowchart 1 does not exceed the number
printed by Flowchart 2.

Proof. Letn,m € N. For every system of equations S C E,, if (ag, - ..,a,) € {0,...,m}""! and
(ag, . ..,ay) solves S, then (ay, ..., a,) solves the following system of equations:

{1=2: (k€{0,...,n}H) AN(l=ua)} U

{ri+xj=ap: (4,5,k€{0,...,n}) Aa; +aj =ag)} U

{i-zj=or: (i,5,k€{0,...,n}) A(a; -a; = ay)}



Theorem 4. Forevery n,m € N, Flowcharts 1 and 2 print the same number.

Proof. It follows from Lemmas 2 and 3l O
Corollary 1. Foreveryn,m € N, Flowcharts 1 and 2 print the smallestb € {0, ..., m} such that
every tuple (zo, ...,x,) € {0,...,m}"*! possesses an approximation in {0,...,b}" .
Theorem 5. For every neN, f(n) is the smallest b€ N such that every tuple
(wo,...,x,) € N1 possesses an approximation in {0, ..., b} 1.

Proof. It follows from Theorem [3]and Corollary|i] O

The following program in MuPAD implements the semi-algorithm shown in Flowchart 2.

input ("Input a non-negative integer n",n):

m:=0:

while TRUE do

X:=combinat::cartesianProduct([s $s=0..m] $t=0..n):
Y:=[max(op(X[ul)) $u=1..(m+1)~(n+1)]:

for p from 1 to (m+1)~(n+1) do

for q from 1 to (m+1)~(n+1) do

vi=1:

for k from 1 to n+l1 do

if 1=X[p] [k] and 1<>X[q] [k] then v:=0 end_if:

for i from 1 to n+l1 do

for j from i to n+l do

if X[pl [i]1+X[p] [j1=X[p]l [k] and X[ql [i1+X[q] [j1<>X[q] [k] then v:=0 end_if:
if X[pl [i]1*X[p][j1=X[p] [k] and X[q] [i]1*X[ql [j1<>X[q] [k] then v:=0 end_if:
end_for:

end_for:

end_for:

if max(op(X[q]))<max(op(X[pl)) and v=1 then Y[p]:=0 end_if:
end_for:

end_for:

print (max(op(Y))):

m:=m+1:

end_while:

3 The first example of a non-recursively enumerable subset of N which has a short
definition in terms of arithmetic

Theorem 6. No algorithm takes as input non-negative integers n. and m and decides whether
or not
Y(zo, ... 2n) € N I(yo, ... yn) € {0,...,m}"

((Vke{o,...,n} (1:xk:>1:yk))/\
(Vi,j,k €{0,...,n} (i +xj =2 = yi +yj =) A
(Vlaj7k€ {Ovvn} (I’z.’L'] :xkiyzyj :yk)))

Proof. Since the function f is not computable, it follows from Theorem [5 O



Theorem 7. No algorithm takes as input a non-negative integer n and decides whether or not
I, eN((n+1=2P-(2q+1)) A
V(zo,...,xp) € NPTT J(yo,...,yp) €{0,...,¢}""
(Vke{0,....p} A=ap=>1=1;)) A
Vi, j,ke{0,....p} (i+xj=2r =y +yj =ur)) A
(Vi, 5,k €{0,...,p} (@i - x; = 2p = ¥i - yj = Yk))))
Proof. It follows from Theorem O

Let
Th={neN: 3p¢geN(n+1=2"-(2¢+1)) A

V(zo,...,2p) € NPT1 I(yo,...,y) €{0,...,q}"""
(VEe{0,...;p} A=z =>1=y)) A
Vi, g, ke {0,....,p} (xi+xj=ar=>vi+y; =yk) A
(Vi, 5,k €{0,....,p} (wi-zj =2k = yi - y5 = Y&)))) }
Theorem 8. The set N\ T is recursively enumerable.

Proof. For i € N, let p;, denote the i-th prime number. Flowchart 3 shows a semi-algorithm
which takes as input n» € N and terminates if and only if n € N\ T7.

/ Input a non-negative integer n /

Compute p,q € Nsuchthat n +1 =2P .24+ 1)

7 =1
— =

(e o)
Compute ¢y, ¢y, ¢y, ... € Nsuch that j = l—[ p; i
i=0

Does the tuple

(cqs --+» Cp) possess
an approximation

in {0,...,g}P t 17

Flowchart 3
A semi-algorithm which takes as input n € N and terminates if and only if n € N\ T}

O]



Theorem 9. The setT; is not recursively enumerable.

Proof. It follows from Theorems [7] and [8] O

Lemma 4. ([12, p. 7]). Forevery z,y € N, x # y implies that the numbers 92" + 1 and 22y
are relatively prime.

Theorem 10. The formula that defines the set 17 can be translated into a first-order formula of
arithmetic.

Proof. For x € N\ {0} and r € N, let e(z,r) denote the greatest y € N such that (22T +1)Y
divides z. By Lemmald}, the set T} consists of all n € N such that

Vw € N\ {0} Im e N\ {0} 3p,¢ e N((n+1=2P-(2¢+1)) A
Vi, g,k € {0,...,p} (1 =e(w, k) = 1 = min(e(m, k),q)) A
(e(w,i) + e(w, j) = e(w, k) = min(e(m, i), q) + min(e(m, j), q) = min(e(m, k), q)) A
(e(w, i) - e(w, j) = e(w, k) = min(e(m,),q) - min(e(m, j), ¢) = min(e(m, k), q))))
The above formula can be translated into a first-order formula of arithmetic. O

Lemma 5. ([10]). The function

N? 3 (p,Q)%%(p+Q)(p+q+1)+q€N
is bijective.
Let 1
I'={neN:IpgeN(n=5@+qp+q+1)+q A
V(zo,...,xp) c NP+l I(yo,---,yp) € {0,...,q}1”Jrl
(VEe€{0,....;p} A=z =1=uy)) A
(Vi,j, k€ {0,...,p} (zi+xj =z =>vi+y; =yk) A

(Vivjvk € {07" . 7p} (xl T =Tk = Yit Y= yk))))}

Similarly as in Theorem [9, the set T is not recursively enumerable. The proof of it uses
LemmalfBl

Definition 3. ([6]). Let 3 : N — N denote Gddel’s 3 function. For x1, 2,23 € N, B(x1, 2, 23)
equals the remainder after integer division of z1 by 1 + (x3 + 1) - x2

Lemma 6. ([6]). If (dy,...,d,) € N**L, then3b,c € NVi € {0,...,n} B(b,c,i) = d;.

Theorem 11. The formula that defines the set T' can be translated into a first-order formula of
arithmetic. It can be proved without using the theorem that exponentiation can be defined by
an arithmetical formula.

Proof. By Lemmalg}, the set T" consists of all n € N such that

%(zﬂrq)(zﬂrrﬁr1)+q)A

Vi, 3,k €40,...,p} (1 = B(u,v,k) = 1 =min(B(a, b, k),q)) A
(B(u,v,i) + B(u, v, j) = B(u,v, k) = min(B(a, b, ), q) + min(B(a, b, j), q) = min(B(a, b, k), q)) N
(B(u,v,i) - B(u,v,j) = B(u, v, k) = min(B(a, b,7),q) - min(B(a, b, j), q) = min(B(a, b, k), q))))

The above formula does not contain the exponentiation function. O

Vu,v € N Ja,b,p,qg e N ((n=

7



4 The second example of a non-recursively enumerable subset of N which has a short
definition in terms of arithmetic

Lemma 7. ([14, p. 110], cf. Lemma(9). For non-negative integers, the equation x + y = z is
equivalent to a system which consists of equations of the forms v+ 1 =w andu - v = w.

For n € N, h(n) denotes the smallest b € N such that if a system of equations S C
{z; +1=uay, x;-x;=axk: 4,7,k € {0,...,n}} has a solution in N*1 then S has a solution
in {0,...,b}"*L. From Lemmaand [15], it follows that the function 4 : N — N is computable
in the limit and eventually dominates every computable function g : N — N.

Theorem 12. No algorithm takes as input non-negative integers n and m and decides whether
or not
V(2o ... 2n) € N I(yo, ... yn) €{0,...,m}" !

(Vg ke{0,...;n} (zj+1=ar=>y;+1=y) A
(Vi,j, k€ {0,....,n} (z;-xj = 21, = ¥i - Yj = Yr)))

Proof. It holds because the function & is not computable, and for every n € N, h(n) is the
smallest b € N such that

Y(zo, ... 2n) € N I(yo, ..., y.) €{0,...,6}" !

(Vj,ke{0,...;n} (zj+1=ar=>y;+1=y) A
Vi, g,k €{0,...,n} (z;-xj = 21, = Yi " Yj = Yr)))
O

Theorem 13. No algorithm takes as input a non-negative integer n. and decides whether or not
Ip,q € N ((n=2P-39)A
V(zo, ..., 2p) € NPT I(yo, ... yp) € {0, ..., ¢}PT
(Y, k€ {0,...,p} (xj+1=axp = y; + 1 =15)) A
(Vi,j,k €{0,...,p} (zi 75 =7k = yi - yj = Yx))))
Proof. It follows from Theorem O

Let 75 denote the algorithmically undecidable subset of N considered in Theorem Simi-
larly as in Theorem|[9] the set T is not recursively enumerable. Similarly as in Theorem[10] the
formula that defines the set 75 can be translated into a first-order formula of arithmetic.

5 The third example of a non-recursively enumerable subset of N which has a short
definition in terms of arithmetic

Let [-] denote the integer part of the argument.

Lemma 8. The function

N5n - (n— Va2 |n— [Vl - [Vall) € N?
is surjective.

Proof. It holds because 0({i®> +j: (i, € N) A (j <i)}) = N2 O



Theorem 14. No algorithm takes as input a non-negative integer n. and decides whether or not
Y(xo,. .. ,l’n,[mz) S an[\/ﬁ]%rl A(yo, - - - 7yn7[\/7ﬂ2) €{0,...,|n— [\/ﬁ]z - [\/ﬁ”}ni[\/ﬁ]2+l

Proof. It follows from Theorem[12 and Lemma 8l O

Let T3 denote the algorithmically undecidable subset of N considered in Theorem|[14] Simi-
larly as in Theorem[9] the set T3 is not recursively enumerable. Similarly as in Theorem[10] the
formula that defines the set 73 can be translated into a first-order formula of arithmetic.

6 The fourth example of a non-recursively enumerable subset of N which has a short
definition in terms of arithmetic

Lemma 9. ([74, p. 110], cf. Lemmal7). There exists a constructive algorithm that takes as input
a Diophantine equation D(xo,...,x;) =0 and returns a system S of equations of the forms
y; +1 =y, andy; - y; = yx, which is solvable in non-negative integers if and only if the equation
D(zy,...,x;) = 0 is solvable in non-negative integers.

Theorem 15. No algorithm takes as input a non-negative integer n and decides whether or not
(w05 yn) €N i G k€ {0,...,n} (P)

oJ .3k

; 3j .5k +1
((22 + 1 divides n) = (y; + 1 = y3)) A ((

2i
92 + 1 divides n) = (yi - yj = y))

Proof. If n > 0, then we can compute a unique (p,q) € N such that n =27 -(2¢+1). The
decision problem (P) is algorithmically undecidable because we can obtain undecidability when
n > 0 and for every i,j,k € {0,...,n}

. 22j .3k .
(max(j,k) > p) = (2 + 1 does not divide n)

and .
22 . 3] . 5k + 1
(max(i, 7, k) > p) = (22 + 1 does not divide n)
In this case, by Lemmald] for every system of equations

the problem of solvability of S in non-negative integers yo, . . ., y, is equivalent to the problem (P)
for some n = 27 - (2¢ + 1), where n can be computed. Next, we apply Lemma[9|and a negative
solution to Hilbert’s 10th problem. O

Let Ty denote the algorithmically undecidable subset of N considered in Theorem
Theorem 16. The set T, is recursively enumerable.
Theorem 17. The set N\ T} is not recursively enumerable.

Proof. It follows from Theorems[15]and O



7 A limit-computable function v : N — N of unknown computability which eventually
dominates every function § : N — N with a single-fold Diophantine representation

The Davis-Putnam-Robinson-Matiyasevich theorem states that every recursively enumerable
set M C N" (n € N\ {0}) has a Diophantine representation, that is

(a1,...,ap) EM <= 3x1,...;29 €N W(ay,...,an,T1,...,Tm) =0 (R)

for some polynomial W with integer coefficients, see [7]. The representation (R) is said to be
single-fold, if for any a4, ..., a, € N the equation W (ay,...,an,z1,...,z,) = 0 has at most one
solution (z1,...,zy) € N™.

Hypothesis 1. (|2], [3], 4], [5, pp. 341-342], |8, p. 42], |9, p. 745]). Every recursively enumer-
able set X C N¥ (k € N\ {0}) has a single-fold Diophantine representation.

For n € N, ~(n) denotes the smallest b € N such that if a system of equations S C F,, has
a unique solution in N**!, then this solution belongs to {0, ...,b}"*!. The computability of - is
unknown.

Theorem 18. The function~ : N — N is computable in the limit and eventually dominates every
function 6 : N — N with a single-fold Diophantine representation.

Proof. This is proved in [15]. Flowchart 4 shows a semi-algorithm which computes ~(n) in the

limit, see [15].

ﬁnput a non-negative integer n /

m:=0

<

Create a list L of all systems S C Ep,
which have a unique solution in {0,. .., m}" +1

v

Print the smallest non-negative
integer b such that each element
of L has a solution in {0,...,5)" + 1

|m:=m+1I

Flowchart 4
A semi-algorithm which computes ~(n) in the limit
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Flowchart 5 shows a simpler semi-algorithm which computes ~(n) in the limit.

/ Input a non-negative integer n /

m:=0

Y

For (xg,...,xn) € {0,...,m}" * 1
0, if there exists (ygs - - -, yn) € {0,...,m}" + 1
such that (yg,...,¥n)#(xq,...,xn) and
(Vk €{0,...,n} (1= x5 = 1= yp)A
Vi, j, k €{0,...,n} (xl-+xj =Xy =>yi+yj = yr)A

(Vi,jok € {0,...,n} (xj-xj =X = yj*¥j = Yg))
max(x,...,Xn), otherwise

)
Print the greatest number of the set
(Sm(XQs+--sXn): (Xqse--sxn) € {0,...,m + 1)
| m:=m+ II

Flowchart 5
A simpler semi-algorithm which computes ~(n) in the limit

Sm(XQs -+« s Xp):=

Lemma 10. For every n,m € N, the number printed by Flowchart 5 does not exceed the num-
ber printed by Flowchart 4.

Proof. For every (ag,...,a,) € {0,...,m}" !,
E,o0{l=uar: (ke{0,...,n}) AN(1=ax)}U

{wi+aj=ar: (i,5,k€{0,...,n}) A (a; + aj = ax) }U
{zi-xj=ap: (4,5,k€{0,....,n}) A (a;-a; = ar)}
O

Lemma 11. For every n,m € N, the number printed by Flowchart 4 does not exceed the num-
ber printed by Flowchart 5.

Proof. Let n,m € N. For every system of equations S C E,, if (ag,...,an) € {0,...,m}"*tis
a unique solution of S'in {0,...,m}"*! then (aq,...,a,) solves the system S, where

S={l=a,: (ke{0,....nH)A(1=ap)}U
{zi+aj=ap: (4,5, €{0,...,n}) A(a; + aj = ag) }U

{zi-xj=ar: (4,5, €{0,...,n}) A(a;-aj =ag)}

By this and the inclusion §QS, S has exactly one solution in {0,...,m}""!, namely
(ag, ... an). O

11



Theorem 19. For every n,m € N, Flowcharts 4 and 5 print the same number.

Proof. It follows from Lemmas [0l and {7l 0O

The following program in MuPAD implements the semi-algorithm shown in Flowchart 5.

input ("Input a non-negative integer n",n):

m:=0:

while TRUE do

X:=combinat: :cartesianProduct([s $s=0..m] $t=0..n):
Y:=[max(op(X[ul])) $u=1..(m+1)~(n+1)]:

for p from 1 to (m+1)~(n+1) do

for q from 1 to (m+1)~(n+1) do

v:=1:

for k from 1 to n+l1 do

if 1=X[p] [k] and 1<>X[q] [k] then v:=0 end_if:

for i from 1 to n+1 do

for j from i to n+l do

if X[pl [i]+X[p] [j1=X[p] [k] and X[q] [i]1+X[q]l [j1<>X[q] [k] then v:=0 end_if:
if X[pl [i]1*X[pl[j1=X[pl [k] and X[ql [i]1*X[ql [j1<>X[q] [k] then v:=0 end_if:
end_for:

end_for:

end_for:

if gq<>p and v=1 then Y[p]:=0 end_if:

end_for:

end_for:

print (max(op(Y))):

m:=m+1:

end_while:
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